PU(2) MONOPOLES. Ill: EXISTENCE OF GLUING AND 
OBSTRUCTION MAPS 



PAUL M. N. FEEHAN AND THOMAS G. LENESS 

Abstract. This is the third installment in our series of articles on the application of the 
PU(2) monopole equations to prove Witten's conjecture concerning the relation between 
the Donaldson and Seiberg-Witten invariants of smooth four- manifolds. The moduli space 
of solutions to the PU(2) monopole equations provides a noncompact cobordism between 
links of compact moduli spaces of U(l) monopoles of Seiberg-Witten type and the mod- 
uli space of anti-self-dual S0(3) connections, which appear as singularities in this larger 
moduli space. In this paper we prove the first part of a general gluing theorem for PU(2) 
monopoles. The ultimate purpose of the gluing theorem is to provide topological mod- 
els for neighborhoods of ideal Seiberg-Witten moduli spaces appearing in lower levels of 
the Uhlenbeck compactification of the moduli space of PU(2) monopoles and thus per- 
mit calculations of their contributions to Donaldson invariants using the PU(2)-monopole 
cobordism. 
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1. Introduction 

The Pidstrigatch-Tyurin program |p3[ , p3] to relate the Donaldson and Seiberg-Witten 
invariants, as considered in |17], ||2^, p8| , [p4|J requires a gluing theory, for PU(2) monopoles, 
possessing the properties we establish here and in the sequel [pi]. The purpose of gluing, 
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as we outlined in ||2^, is to provide topological models for neighborhoods of ideal Seiberg- 
Witten moduli spaces appearing in lower levels of the Uhlenbeck compactification of the 
moduli space of PU(2) monopoles and thus enable calculations of their contributions to 
Donaldson invariants using the PU(2)-monopole cobordism pTj]. 



1.1. Statement of results. The main purpose of the present article and its companion 



|26| is to prove a general gluing theorem for PU(2) monopoles, adequate for the topological 



calculations mentioned in |28] and carried out in detail in [^], |27]. 

Throughout our work we let {X,g) be a closed, connected, oriented, C°° Riemannian 
four-manifold with b~^{X) > and spin*^ structure Sq = {p,W~^ ,W~). We require that 



the perturbation parameters defining the PU(2) monopole equations (|2.l| ) be generic, so 



the transversality results of [|^, |17|, and |Q ensure that the moduli spaces of PU(2) 
monopoles, Seiberg-Witten U(l) monopoles, and anti-self-dual S0(3) connections possess 
the usual smoothness properties and have the expected dimension. 

While we shall direct the reader to §|2|, and §^ for detailed definitions and notation, we 
note that M™(5o) is the moduli space of Seiberg-Witten monopoles on X, that M(t) is the 
moduli space of PU(2) monopoles on X for a spin" structure t = (p, W^, W~ ,E), where E 
is a Hermitian, rank-two bundle over X, and that M(t, /i) is a finite-dimensional thickened 
or virtual moduli space of PU(2) monopoles which contains M(t), as a submanifold away 
from singularities, with /u > a small-eigenvalue bound arising in the extended PU(2) 
monopole equations which define M(t, /x). We let w G H'^(X;Z,) be a class such that no 
S0(3) bundle over X with second Stiefel- Whitney class equal to w (mod 2) admits a flat 
connection. The open subset M*'°(t) C M(t) is represented by pairs such that the S0(3) 
connection is not reducible and the spinor is not identically zero. 

Theorem 1.1. Let E be a rank-two, Hermitian vector bundle over X with ci{E) = w 
and C2{E) — jCi{E)'^ = k > 1. Let < ^ < [kJ < k be an integer, let Eg be the rank- 
two, Hermitian vector bundle over X with detii^^ = detii^ and C2{E() = C2{E) — i. Let 
t = {p,W+,W- ,E) and U = {p,W+ ,W- , Eg). Let S C Sym^(X) be a smooth stratum 
and letUi^^ d M{ii,p) be a finite- dimensional, precompact, open, -invariant subset. The 
space Ui^^ is a tubular neighborhood ofU£^^r\M*'^{t(:), of size Q > via the tubular distance 
function ( |9.39| ). Then, for a small enough positive constants eg and Aq, there are 

• A compact Lie group G(S), an -equivariant C°° principle G{T,)-bundle Fr{L{£^^, S) — > 
V(e,fi X S, a universal topological G{T,)-space Z(S), and an -equivariant fiber bundle 

Gl(Z^,,^,S,Ao) = Fr(^/,,^,S) Xg(s) Z(S) x S. 

Here, Aq is a sufficiently small positive constant, depending at most on {g, k,U£^^). 

• An -equivariant f^o^Pl^i^T. ■ S, Aq) M*'^{t,fi), w/iere Gl^(^^^^, S, Aq) C 
Gl{U£^^,Ti, Xq) is the open subset (|3.26| ). 

• An -equivariant C°° section x^,t, '^f ^''^ -equivariant C°° vector bundle over 
G\^(Jj£^^,Tj,Xo). The bundle has real rank equal to 2£ plus the real codimension of 
M*'0(t) c M*'0(t,/x). 

Together, the map 'Y^^s ^''^d, section Xfi,T, have the property that 
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We call G1(Z^£^^, S, Ao) the bundle of local gluing data, 1^^^. the local gluing map, 
the local obstruction bundle, and X^i^T, the local obstruction section. The gluing maps 
and obstruction sections are defined in §0 and §0. Theorem 1.1, along with many other 



results, was announced in |T4]. An earlier version of this result, leaning more toward the 
gluing method of Donaldson |1^, [13|, [^] — which is less satisfactory for our application 
(see the explanations below) — was announced in |15| and the corresponding preprint 
(containing a detailed proof) was written during 1995 and distributed to a small audience 
during Spring 1996. The solution to the gluing problem described here and in [26| follows 
more in the tradition of Taubes' approach |6^, |^ to the problem of gluing anti-self- 
dual connections. Though better suited to our application j27U , it has long appeared that 
Taubes' method was much more difficult to adapt to the case of PU(2) monopoles than 
that of Donaldson, due primarily to the technical Problem lA discussed in j |l.3| below and, 
indeed, its solution eluded us for some time despite considerable effort. 

Naturally, many statements of gluing theorems for anti-self-dual connections have ap- 



peared before in the literature |l^, [|12|, [|l^, ||5^, [£0[, |^, [q^, so the reader may 
reasonably ask what is new and different about PU(2) monopoles. The gluing-theorem 
statements that are closest to those needed for a proof of the Witten conjecture are given 
by PU(2)-monopole analogues of the gluing Theorems 3.4.10 and 3.4.17 (for anti-self-dual 
connections) in both assertions are based on work of Taubes, principally |58|, |]60|| , 

|l6l|| , ||6^ . In any event, the difficulties which are peculiar to gluing PU(2) monopoles are 
discussed in §L3. Furthermore, there are several important properties which are required 
of a useful gluing theory — in any context, but particularly for applications to Witten's 
conjecture — which are not asserted by Theorem 1.1. These extensions are discussed in 



1.5 and are derived in the companion article |26| 



1.2. PU(2) monopoles and Witten's conjecture. Recall that a closed, smooth four- 
manifold X has Kronheimer-Mrowka simple type provided the Donaldson invariants cor- 
responding to products z of homology classes in H,{X;Z) and a generator x S Hq{X;'L) 
are related by D^(x'^z) = 4:D^{z). Kronheimer and Mrowka [Q] showed that the Donald- 
son series of a four-manifold of Kronheimer-Mrowka simple type with b^{X) = and odd 
b'^{X) > 3 is given by 



(1.1) 



D 



X 



{w^+wKr)/2^^^Kr 



where w G H2{X;Z), Qx is the intersection form on H2{X;Z), the coefficients are non- 
zero rational numbers, and the Kr G H'^{X;Z) are the Kronheimer-Mrowka basic classes. 
They also conjectured the shape of the general structure theorem for four-manifolds of 
possibly non-simple type 



Conjecture 1.2 (Witten). [71| The four-manifold X has Kronheimer-Mrowka simple type 
if and only if it has Seiberg- Witten simple type. If X has simple type, then the Kronheimer- 
Mrowka basic classes coincide with the Seiberg- Witten basic classes and 



(1.2) 
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The quantum field theory argument giving the relation ( [1.2| ) when b'^{X) > 3 has been 



extended by Moore and Witten |4(:] to allow b^{X) > 1, b^{X) > 0, and four- manifolds X 
of possibly non-simple type. 

The idea of Pidstrigach and Tyurin [^ ] for proving Witten's conjecture [^6| , ||7l| has two 
principal steps. The first step is to try to show that the Donaldson invariants are given by 
a sum over the Seiberg- Witten basic classes of terms given by universal polynomials in the 
intersection form Qx and the classes ci(s) and A, with coefficients depending only on prod- 
ucts of the classes ci(s), A, and w, the Donaldson-invariant degree 6, the Seiberg- Witten 
invariant SWx{s), and the signature cr{X) and Euler characteristic x(^) (see Conjectures 
4.1 and 4.2 in p^]). While this "homotopy version" of Witten's conjecture would not imme- 
diately yield the formula (|l.2| ) , it does imply that the Donaldson invariants are completely 
determined by and computable (in principle) from the Seiberg- Witten invariants. 

The existence of a universal formula is expected because the moduli space of PU(2) 
monopoles contains both the Donaldson moduli space of anti-self-dual connections and 
moduli spaces of U(l) monopoles of Seiberg- Witten type and so provides a cobordism be- 
tween suitably defined, codimension-one links of these moduli spaces. The second step is to 
try to determine these universal formulas explicitly via known examples and recursion re- 
lations, including those obtained from blow-up formulas for Donaldson and Seiberg- Witten 



invariants |Q, [31|. The work of Gottsche [37| suggests that the second part of this strat' 



egy should ultimately succeed as, for example, he was able to compute the wall-crossing 
formula for the Donaldson invariants of simply-connected four-manifolds with b~^(X) = 1 
and b^{X) = 0, under the assumption that the Kotschick- Morgan conjecture [^] holds for 
such four-manifolds; that conjecture asserts that for four-manifolds with b'^{X) = 1, the 
Donaldson invariants computed using metrics lying in two different chambers of the posi- 
tive cone in H'^(X;'R.) differ by a universal polynomial whose coefficients depend only on 
homotopy data p2[. 



1.3. Some technical difficulties associated with gluing PU(2) monopoles. Aside 
from certain aspects of gluing theory for instantons which were not completely addressed 
prior to the Seiberg- Witten revolution, there are a number of features of the PU(2) monopole 
equations which makes the gluing theory especially challenging. Since it will take a sequel 



| 26| to complete the proofs of the additional properties required (the embedding property, 
surjectivity, and Uhlenbeck continuity) for our application [p7|| , it seems worthwhile to 
motivate the lengthy development by commenting on a few of the technical difficulties at 
the outset. 

The splicing (or "pre-gluing" or "cut-and-paste" ) construction yields families of approx- 
imate PU(2) monopoles, (^, $), 

e(A^) «o, 

where the map ©(•,•) defines the PU(2) monopole equations (p.l|), ^ is a connection on 
the SO (3) bundle qe, and $ a section of = (gi E. Given an approximate PU(2) 
monopole {A, $), we would like to solve for a deformation (a, (p) such that 

(1.3) e(A + a,^> + (/>) = 0. 
The preceding equation can be rewritten as 

(1.4) (ii^(a, (/>) + {(a, 0), (a, cP)} = -6(^, $), 
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where = {D&)a,^- We now seek a solution (a,0) = d]l*^{v , tp) G (Kerd^^)-*-, so 
(1-5) d\^^d]i%{v,i;) + {d]i%{v,i;),d\%{v,i^)} = -&{A,<^). 

This brings us to a famihar difficulty in gauge theory when attempting to solve non-linear 
partial differential equations by splicing solutions: 

Problem 1.3. The Laplacian $c?^*$ is noi uniformly invertible. It has small eigenvalues, 
tending to zero as {A, <1>) bubbles and &{A, $) converges to zero. 

Small eigenvalues occur here because the adjoint Dirac operators Z)^. over have non- 
trivial kernels, as does the adjoint linearization d]^* over X, where (^0)*^*o) is a back- 
ground pair over X and Ai is an instanton over S"^. Instead, motivated by [Q, we should 
try to solve an extended PU(2) monopole equation, 

nA,#,;.e(^ + a,«. + 0) = 0, 

or equivalently, 

(1.6) (i\<j,(i^*^(t;,^) -hni,j,^^{(i^*^(t;,'0),d^*$(w,V')} = -ni,$,^e(^, $), 

for deformations (a, = d^^^{v,^lj) such that IiA,^,^i{v,il^) = 0, where IiA,^,^i is the L^- 
orthogonal projection onto the eigenspaces of d\ ^d^A^ with eigenvalues less than > 0. To 
solve equation ( |9.1lD we need a uniform estimate for a right inverse PA,^,^l of the operator 
d\^ o ^ ^. For this purpose we try to adapt Taubes' method in |58], which relies on a 

clever use of the Bochner formula for d\d^* and choice of Banach spaces (namely L^{X), 
as defined in §|5|) to achieve the desired estimate in the case of the anti-self-dual equation. 
It is at this point that we encounter one of the more persistent problems peculiar to PU(2)- 
monopole gluing: 

Problem 1.4. The Laplacian d\^dt^^'^ has the shape 

^yl.^'^A** ~ (^^^^ ^ ^ -)- non-diagonal lower-order terms 
have the shape 

2d\d'^'* = V^Va + {F^, •} + bounded zeroth-order terms, on r(A"*" Cgi qe), 

DaD\ = V*A^ A + p{Pa) + bounded zeroth-order terms, on T{y~), 

where is L^'^ small, but is L^'^ large (as, roughly speaking, it is the component of Fa 
which "bubbles" ) , with the remaining zeroth-order terms given by curvatures of connections 
which remain fixed throughout. A priori estimates pg| ] give a uniform L°° bound on Fj^ 
but at best an L? bound on FJ, for PU(2) monopoles (^, 

The practical effect of the last problem is that it becomes exceedingly difficult to obtain 
an estimate for Pa,*,/^, that is a bound of the form 

(1-7) I|c?a*4.(^'V')IIl2^^(x) < C\\d\q,d\*^{v,ip)\\Li,2(x)^ 

with constant C which is uniform with respect to the bubbling pair {A, Naively, every- 
where one sees a lower-order term F^ in Taubes' arguments in [^, §5], one should replace 
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this by a term Fa, in view of the Bochner formula for (2d\ct^* , D aD*j^ . In so doing, one 
quickly realizes that Taubes' argument breaks down (bear in mind that Taubes is solving 
the self-dual rather than the anti-self-dual equation and that we have switched conventions 
to the now customary anti-self-dual equation). For example, in passing from equation (5.17) 



to (5.18) in |62] Taubes uses the fact that Fj^ is L^'^-small to permit rearrangement: the 
condition on F'^ is embodied in the first equation of |^, p. 193] and the hypothesis of 
his Lemma 5.6. In addition to the preceding difficulty, one needs to derive suitable small- 
eigenvalue bounds in order to address Problem |1.3| using the above fairly weak Bochner 
formulas. Thus, to say the least, it is a challenging task to reproduce analogues of Taubes' 
results in the case of PU(2) monopoles. Consequently, one of the main results of this paper 
is to show that in fact this can be done, despite these obstacles, and derive the key estimate 
( |1.7| ) (see Corollary [9.31 ). One of the major obstacles is the problem of bounding negative 
spinors uniformly in ^, g > 2, with respect to Fa and the radii of small balls surrounding 
curvature bubbles when all one has is the weak Bochner formula for DaD*^ given above 
(this problem is addressed in §|6| and §|^, using decay estimates for eigenspinors in ||l^ ) . 

Instead of trying to adapt Taubes' method for constructing a right-inverse, one could 
alternatively try to adapt the Donaldson-Kronheimer method for writing the extended anti- 



self-dual equations and constructing a right inverse with the appropriate bound |12, §7.2] 



Indeed, this is the approach we initially took in [22|: one has to modify their method, as the 
PU(2) monopole equations are not conformally invariant |2£, §4.2]. The principal difference 
is that, instead of constructing an "intrinsic" right inverse Pa,^,^i based on spectral bounds, 
one can modify the traditional method of constructing a parametrix for a pseudodifferential 
operator |Q, ||3^ and patch together right inverses corresponding to the background pairs 
{Aq,^q) away from a a collection of small balls and the instantons (^i,0) spliced in from 
5^ onto small balls in X, keeping the metric g on TX fixed rather than allowing it to vary 
conformally as in |12]. In this situation, the main technical problem addressed in [22| was 
the need to allow the instantons Ai to vary over their entire moduli spaces rather than 
precompact subsets (as in [jl2|). A third possibility, not considered here, might be to use 



the long-cylinder model for gluing as in [48| for the Seiberg-Witten equations, following 
the example of |51]. However, in this situation, the metric is varying (with multiple tube 
lengths) and appears less appropriate for our purpose, for reasons discussed in the paragraph 
below. 

With either of these two gluing methods, one needs to fit together the resulting topological 
models as the stratum S varies through the symmetric product Sym^(X) so as to form a 
global model (as in [^]) and it turns out that the method of [|l^, §7.2] appears not well suited 
to this task. It is for this reason that we ultimately chose the technically more demanding 
path initiated in this paper and concluded in [^]. As we shall explain in |27], Taubes' 
method does adapt well to the requirement that one can fit together the local gluing-data 
bundles GMJJ^^^, S, Aq) in such a way as to construct a global gluing-data space G\{Ui, Xq). 

We note in passing that if {A, $) + d}^^{y, ijj) solves the extended PU(2) monopole equa- 
tion, then it is a true PU(2) monopole if and only if (f , ■0) also solves the obstruction 
equation 

X^(A^) = n^,*,;, {{dX^{v,^l^),d\*^{v,^lj)} + &{A,^)) = 0. 
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However, for our topological calculations, it is enough to only solve the extended equa- 
tion. The map (A,^) ^ <!>) defines a section of a local obstruction bundle over 

Gl{L{£^n, S, /Lt), while the assignment {A, <I>) i-^ 7^,e(^i ^) = (.A, ^) + ip) defines the 

local gluing map. 

There is one remaining difficulty which is most convenient to address in [27| , when actually 
carrying out the requisite topological calculations: 

Problem 1.5. If dimM|™ > 0, one cannot necessarily fix a single, uniform positive upper 
bound /i for the small eigenvalues of d\ ^d^*^, due to spectral flow as the point [A, <I>] varies 
in a space Ui C C(t^) containing M|™. 

If it were not for spectral flow, one could define thickened moduli spaces of PU(2) 
monopoles using the intrinsic, extended PU(2) monopole equations, Hj^^ ^6{A,^) = 0, 
the equations being "intrinsic" because they are defined on the configuration space C(t) of 
all pairs rather than only on the space of gluing data, as in the case of Taubes' version of the 
extended equations. In |2^] we constructed a thickened moduli space of PU(2) monopoles 
by adapting the Atiyah-Singer stabilization method, but — unlike Taubes' method — this 
technique does not mesh particularly well with the non-compactness due to bubbling and 
with gluing. We remark that it would be preferable, for the purposes of fitting together the 
spaces of local gluing data indexed by the strata S C Sym^(X), to exclusively use the in- 
trinsic extended equations rather than the extended equations. However, while perhaps not 
impossible, the gluing theory for the intrinsic, extended PU(2) monopole equations appears 
considerably more difficult; the problems are explained in a little more detail in §^. 

1.4. Outline. We now summarize the contents of the remainder of this article. 

We recall the definition of the PU(2) monopole equations and the basic transversality 
and compactness properties of the PU(2) monopole moduli space in §^. 

In §1^ we define the local splicing or pre-gluing map 7^ for monopoles by adapting the 



cut-and-paste techniques of |55], |6C], |£l[, and |Q. The important technical issue here 
is to keep track of the constants defining the splicing map itself. The splicing maps yield 
continuous maps (smooth away from singularities) from bundles of gluing data, one bundle 
per smooth stratum S C Sym^(X), into the configuration space C(t) of pairs [j4,$], whose 
image is Uhlenbeck-close to the space M(t^) x S. The question of exactly how "close" is 
addressed in and §|5[ Later, in we return to the issue of how the bundles of local gluing 
data, Gl{U^/,T,, Xq) U^/ x S, and local splicing maps, 7|^S' assembled into a 

space of global gluing data with projection map, Gl{Ufj_^g, Aq) — > Z^^/ x Sym^(X), and global 
splicing map, 7'^. 

In §^ we recall the regularity theory for the PU(2) monopole equations ||2^, §3] which, 
indeed, applies to any quasi-linear first-order elliptic equation with a quadratic non-linearity 
on a four-manifold. The results are used repeatedly throughout the present article and its 
sequels, so precise statements are given. The general pattern is that one typically has 
uniform, global estimates for solutions to the PU(2) monopole equations (obtained, for 
example, by deforming an approximate, spliced solution), but when we need estimates with 
respect to stronger norms — uniform with respect to a non-compact parameter — we must 
get by with only local estimates. The regularity section concludes with a proof that an 
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gluing solution (a, (p) to the extended PU(2) monopole equations is in (with /c > 4) if 
the spliced pair is in L| (Proposition [4.16|) . 

Section ^ gives an estimate for (3(^, when {A,<^) is an approximate solution to the 
PU(2) monopole equations (|2.lD produced by splicing. A point that first arises here — but 
will recur in sections and |9| and which needs to be continually borne in mind — is 

that we shall almost always want estimates for pairs where the constants depend at most 
on the global L"'^ norms of the curvatures of the potentially bubbling S0(3) connections 
or their norms when restricted to suitable open sets. There are different ways these 
estimates can be achieved, depending on the geometry of the region in X where estimates 
are required. The cleanest approach is to use decay estimates for Yang-Mills connections 
(which we apply to the instantons we splice in from S^), due in varying degrees of generality 
to Donaldson, Groisser-Parker, Morgan-Mrowka-Ruberman, or Rade; in sections 0, ^, and 
^ we also use the decay estimates for eigenspinors derived in [18|. 

Section ^ collects the basic, global, uniform elliptic estimates for the anti-self-dual and 
Dirac operators which are used to estimate small eigenvalues of the Laplacian in §^ and to 
estimate the partial right inverse i^A,*,/^ in 

At an important crux step (see inequalities ( |9.24| ) and ( 9.29D ) in our derivation of a 
uniform bound for the partial right inverse -Pa,*,/^ in §^ we shall need a uniform L^^(C/) 
estimate for a negative spinor Tp in terms of the ||I?a-D^'(/'IIlp{x) when 1 < p < 2 and 
4/3 < (7 < 4 are defined by \/p = 1/q + 1/4, with q at least slightly greater than 2 and 
U <Z X the complement of small balls Bi in X where we splice in instantons from S"^ (and 
the spinor <I> is zero). This crucial estimate is provided by Theorem 7.1 and the purpose 
of §1^ is to prove this result, one of the more delicate ones in this paper. It is important to 
recognize at the outset that such an estimate (with the needed uniformity property) does 
not follow from a naive application of a global elliptic estimate over all of X to a cutoff 
spinor xV"; where dx is supported on small annuli surrounding the balls Bi and x is ^lero on 
the balls Bi (where the curvature of A is large). 

Our technique hinges on the fact that [^] provides us with good decay estimates for 
eigenspinors away from the region of X where the curvature of A is large, namely the balls 
Bi. In §|6| we use these decay estimates to obtain a uniform Lf ^{U) elliptic bound for 
tp by splitting ip into a "small-eigenvalue" component and its L^-orthogonal complement, 
as the latter component can be estimated separately (over all of X) using results of |16|. 
Unfortunately, the method of §^ does not give L^^(f7) estimates when q > 2. Instead, in 
order to obtain an L^^(C/) estimate for tp\ij which is uniform with respect to the radii of 
the balls Bi, we would like to apply the C alder on- Zygmund theorem to ip\u- The latter 
application would require that -0 = on the boundary dU and, as we cannot assume this, 
we instead apply the C alder on- Zygmund theorem to {ip — h)\u, where h obeys DAD\h = 
and h = tp on dU . The requisite L\ ^(C/) estimate for ip is provided by Proposition |6^ (see 
inequality ( |6.13| )). 

Splicing produces a family, (A, <I>), of approximate PU(2) monopoles on X and thus 
a family of Laplacians, d\^dj^^. We shall need upper and lower bounds for the small 
eigenvalues of this Laplacian, along with estimates for its eigensections. These and related 
estimates are derived in §0. 
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Section ^ assembles the proof of the existence of a partial right inverse to the linearization, 
with useful bounds, and then deduces the existence of solutions to the extended PU(2) 
monopole equations. Viewed globally, this step yields the local gluing and obstruction maps 
and allows us to conclude the proof of Theorem 

1.5. Sequels and related articles. Some remarks are in order concerning the contents 



of the companion articles |26| and 



1.5.1. Properties of gluing maps. The reader will note that the main result proved here 
is at most the first half of a desired "gluing theorem". To be of use for parameterizing 
neighborhoods of ideal, reducible PU(2) monopoles, we also need the following properties: 

1. Continuity. The local gluing map 7^^s extends to a continuous map on the Uhlenbeck 
closure of the gluing data, Gl^ {Ue^f^, S, Ao). 

2. Embedding property. The map T^^s is a smooth embedding of Gl'^(^£^^, S, Aq) and a 
topological embedding of the Uhlenbeck closure of the gluing data, G1(Z^£^^, S, Aq). 

3. Surjectivity. The image of Gl^{U£^ij,, S, Aq) H under 7^^s is an open subset of 
M(t) and the space M(t) has a finite covering by such open subsets. 



These remaining properties (1), (2), (3) are proved in |26| and comprise the second half 
of the gluing theorem. It is important to note that preceding three gluing-map properties 
are not simple consequences of the proof of existence of solutions to the (extended) PU(2) 
monopole equations and their justification constitutes the more difficult half of the proof 
of the full gluing theorem. In particular, despite an extensive literature on gluing theory 



for anti-self-dual connections, the existing accounts (see, for example, |1C], [^], [51|, |58|, 
|l60|| , [l6l| , [|6^] ) even there only address somewhat special cases which do not capture all of 
the difficulties one encounters when attempting to solve the complete gluing problem for 
anti-self-dual connections. 



1.5.2. Intersection theory and completion of the proof of the homotopy Witten conjecture. 
In work in preparation, |27|, we complete the proof of the "homotopy version" of the Witten 
conjecture. This is carried out by first altering the domains of the gluing maps in a manner 
allowing a description of their overlaps which depends only on the homotopy type of X, but 
does not change the gluing (deformation) theory of the present article and its companion 
p6|| . A topological description of the obstruction bundle is then given which, together with 
a technique for describing cohomology classes with compact support, allows us to evaluate 
the integrals over the links in terms of Seiberg- Witten invariants and homotopy data for 
the manifold X. 
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2. Preliminaries 

In this section we recall the framework for gauge theory for PU(2) monopoles established 



in [17|, [p^]. In §2.1 we describe the PU(2) monopole equations while in §2.2 we recall our 



Uhlenbeck compactness and transversality results from [17|, 



2.1. PU(2) monopoles. Throughout this article, X denotes a closed, connected, oriented, 
smooth four-manifold. We shall briefly recall the description of the moduli space of PU(2) 
monopoles from 0, |2|, [||. We give X a Riemannian metric g and consider Hermitian 



two-plane bundles E over X whose determinant line bundles det E are isomorphic to a 
fixed Hermitian line bundle endowed with a fixed C°°, unitary connection A^- Let 5o = 
{p,W^ ,W~) be a spin'^ structure on X, where p : T*X Homc(VF+, is a Clifford 
map compatible with g and so obeys the properties of ( |2.4| ), and the Hermitian four-plane 
bundle W = © W~ is endowed with a C°°, unitary connection. Clifford multiplication 
extends to an injective, linear map p : A*{T*X) — > End(c(W^) in the usual way. The unitary 
connection on W uniquely determines a Riemannian connection on T*X, by requiring that 
it act as a derivation with respect to the Clifford map p, and determines a unitary connection 
on det W^; conversely, a choice of Riemannian connection on T*X and unitary connection 
on det induce a unitary connection on W. We shall require the connection on W to 
be spin'^ , that is, it induces the Levi-Civita connection on T*X for the given Riemannian 



metric. In order to take advantage of decay estimates for Yang- Mills connections |12], |38|, 



1 55 1, we can assume without loss that the fixed connections and A^ are Yang-Mills when 
convenient. 

Let A; > 4 be an integer and let be the space of L|, connections A on the U(2) bundle 



E all inducing the fixed determinant connection A^ on detE. Equivalently, following |44 
§2(i)], we may view Ae as the space of L| connections A on the PU(2) = S0(3) bundle 
5u{E). We shall pass back and forth between these viewpoints, via the fixed connection on 
det E, relying on the context to make the distinction clear. Given a unitary connection A 
on E with curvature Fa G LI_^{A'^ (g)u(S)), then {F^)o G L|,_-^(A+ (g, 5u{E)) denotes the 
traceless part of its self-dual component. Equivalently, if ^ is a connection on 5u{E) with 
curvature Fa G L|_^(A2 (g) so(su(£;))), then ad"^(F|) G L|_-^(A+ 5u{E)) is its self-dual 
component, viewed as a section of A+ ®su(£') via the isomorphism ad : 5u{E) — > 5o(su(£')). 
When no confusion can arise, the isomorphism ad : 5u{E) — > so(su(-E)) will be implicit and 
so we regard Fa as a section of A+ ©su(£') when A is a connection on 5u{E). The instanton 
number for E is defined hy k = —jpi{su{E)) = C2{E) — ^ci{E)'^ . 

It will be convenient to define Hermitian vector bundles V = W ® E and V = © V~ , 
where = ® E. For an section $ of (g) E, let $* = (•,<!>) be its pointwise 
Hermitian dual and let (<I> © *I**)oo be the component of the Hermitian endomorphism 
$ © $* of © E which lies in 5u{W~^) © 5u(£'). The Chfford multiplication p defines an 
isomorphism p : A+ — > 5u(W'^) and thus an isomorphism p = p ® '^dgu{E) of A+ © 5u{E) 
with su(PF^) ©su(-E). We shall generally write qe = 5u{E) henceforth, for convenience. 

Unless Tor2-ff^(X;Z) = 0, our monopole moduli spaces are labeled in part by a choice 
of spin'^ structure on {X,g) rather than just a choice of characteristic class in H^(X; Z). 
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• Given t = {p,W'^,W ,E), define {w,p,A) by w = ci{E), p = Pi{qe), and A = 
ici(y+), or 

• Given {w,p,A) with p = up' (mod 4) and K — w = W2{X) (mod 2), we can choose 
l={p,W+,W-,E). 

We call t = {p,W'^ ,E) a spin^ structure on {X,g). Generalized spin*^ structures, 
or spin-G structures, and associated G-monopole equations were described by Witten in 
1 70 1; these ideas were further developed by Teleman in [p6|, [S4|, where the generalized 



spin"^ structure underlying the PU(2) monopole equations is called a spin-U(2) structure 
and is equivalent to a spin" structure. More recently, an elegant repackaging of the PU(2) 
monopole equations has been described by Mrowka | [50| ]. 

While our choices of orientations of the PU(2)-monopole moduli spaces may depend on 
the classes ci{W~^) or ci(-E), rather than just A = ci{W~^) + ci{E), the moduli spaces of 



solutions to equations (2J) for spin" structures t' = (p, W'^ L, W~ ® L,E ® L~^) and 
t = {p,W^ ,W~ , E) are otherwise identical, for any complex line bundle L. Thus, aside 
from the issue of orientations, we need not distinguish between such pairs of moduli spaces. 

Let Qe be the Hilbert Lie group of Lf,_^^ unitary gauge transformations of E with deter- 
minant one, with Lie algebra L1^^{qe)- Our pre-configuration space of pairs on {qe,V^) 
is given by 

C(t) ■.= AexLI{V+), 

with tangent spaces LKqe) © L|(y+). We call a pair {A, <I>) e C(t) a PU(2) monopole if 

where Da = po^A ■ Ll{V+) L^_i(F") is the Dirac operator, while r G L|(X, GL(A+)) 
and G -^^^(A^ © C) are perturbation parameters. We let 

M(t) := {[A,<^] G C(t) : (A,^) satisfies (U)}, 

be the moduli space of solutions to ( |2.1D cut out of the configuration space, 

c(t) ■.= c{t)/gE, 

where u G Ge acts by u{A,^) := (u*A, The linearization of the map Ge C(t), 

u ^ u{A, at idE, is given by 

with L^-adjoint 



Remark 2.1. Note that we break here with our former convention (^9[, |23], [psj ) 
of denoting M{t) and C(t) as quotients by X{±idB} Ge- Our new convention reduces 
notational clutter and, when we wish to consider quotients by Xj^j^j^j Qe, we shall 
simply write M{t)/S^ and C{t)/S^, noting that the spaces M(t) and C(t) carry a standard 
action of 5^ C U(2) |9|. 

As customary, we say that an SO (3) connection A on g^; is irreducible if its stabilizer 
in Qe is {iids}, corresponding to the center of SU(2), and reducible otherwise; we say 
that a pair (A,^) on (QEyV^) is irreducible (respectively, reducible) if the connection A 
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is irreducible (respectively, reducible). We let C*(t) C C(t) be the open subspace of gauge- 
equivalence classes of irreducible pairs. If <I> = on X, we call {A, $) a zero-section pair. 
We let ^(t) C C(t) be the open subspace of gauge-equivalence classes of non-zero-section 
pairs and recall that C*'^{t) := C*{t)nC^{t) is a Hausdorff, Hilbert manifold [p9| , Proposition 
2.12] represented by pairs with stabilizer {id^;} in Ge- Let M*'°(t) = M(t) n C*'°(t) be the 
open subspace of the moduli space M{t) represented by irreducible, non-zero-section PU(2) 
monopoles. 

Let 13e{X) := AEiX)/GE be the quotient of the space of SO (3) connections on g^; by the 
induced action of Qe on g^; and let A*^{X) and be the subspace of irreducible L| 

connections and its quotient. As before, we may equivalently view Be{X) as the quotient 
space of -L^ connections on E which induce the fixed connection on det E. Finally, we may 
view Ae C C(t) and Be C C(t) as the subspace of zero-section pairs and its quotient. Hence, 
the moduli space of anti-self-dual connections, 

M: = Mi'':={[A]eBE:F+ = 0}, 



is identified with the subspace of M{t) given by zero-section solutions to (2.1). 

As in the hypothesis of Theorem we further constrain the class w by requiring that 
no S0(3) bundle P over X with W2{P) = w (mod 2) admit a flat, reducible connection: 
a sufficient condition for this to hold is that there exist a spherical class (3 G H'^{X;Z,) 
for which {w,f3) ^ (mod 2) |47, p. 226]. For any closed four-manifold X and integral 

T,2 



class w, the pair {X, w) obeys the Morgan-Mrowka criterion, where X = X^CF and 
w = w + PD(e), with e the class of the exceptional curve in X. Here, the Morgan-Mrowka 
criterion ensures that the Uhlenbeck compactification M{t) contains no reducible, zero- 
section pairs if b'^{X) > and the metric g is generic (see Propositions 2.9(1) and 3.1(3) 
and Lemma 3.3 in (2^). The Morgan-Mrowka condition can always be satisfied by blowing 
up if necessary and so, as far as the computation of Donaldson or Seiberg-Witten invariants 
is concerned, there is no loss in generality (because of [^, Theorem 6.9], |^, Theorem 1.4]). 



2.2. Uhlenbeck compactness and transversality for PU(2) monopoles. We briefly 
recall our Uhlenbeck compactness and transversality results p7| ], p9| ] for the moduli space 
of PU(2) monopoles with the perturbations discussed in the preceding section. The moduli 
space of PU(2) monopoles is non-compact but has an Uhlenbeck closure analogous to that 
of the moduli space of anti-self-dual connections on g^; |jl^, §4.4]. 

We say that a sequence of points [Aa, $«] in C(t) converges to a point [A, x] in C{ti) x 
Sym^(X), where k = {p, W+, W-,Ee) and E^ is a Hermitian two-plane bundle over X such 
that 

det(£^^) = det£; and C2{Ee) = C2{E) - i, with £ G Z>o, 
if the following hold: 

• There is a sequence of L'^_^^ determinant-one, unitary bundle isomorphisms Ua ■ 
-^lx\x ~^ -^^|x\x such that the sequence of monopoles UaiAa, $«) converges to {A, $) 
in iv| over X \ x, and 

• The sequence of measures |-Fa^|^ converges in the weak-* topology on measures to 
\FA\' + 8n'E.^.6ix). 



PU(2) MONOPOLES. Ill 



13 



Given a Hermitian two-plane bundle E, we call the intersection of M(t) with M(t^) x 
Sym^(X) a lower-level of the compactification M(t) if ^ > and call M(t) the top or 
highest level. 



Theorem 2.2. |29] Let X be a closed, oriented, smooth four-manifold with C°° Riemann- 
ian metric, spin*^ structure {p,W~^ ,W~) with spin^ connection on W = © W~ , and 
a Hermitian two-plane bundle E with unitary connection on deiE. Then there is a pos- 
itive integer Np, depending at most on the curvatures of the fixed connections on W and 
detE together with C2{E), such that for all N > Np the topological space M{t) is second 
countable, Hausdorff, compact, and given by the closure of M{i) in the space o/ ideal PU(2) 
monopoles U^Q(M(t£) x Sym^(X) with respect to the Uhlenbeck topology, where Ei is a 
Hermitian two-plane bundle over X with detE^ = detE and C2{E() = C2{E) — i for each 
integer £ > 0. 



Theorem 2^ is a special case of the more general result proved in |29f| for the moduli space 
of solutions to the PU(2) monopole equations in the presence of holonomy perturbations. 
The existence of an Uhlenbeck compactification for the moduli space of solutions to the 



unperturbed PU(2) monopole equations (2.1) was announced by Pidstrigach |£3[ and an 



argument was outlined in [54|. A similar argument for the equations (2.1) (without pertur- 
bations) was outlined by Okonek and Teleman in [^ ]. An independent proof of Uhlenbeck 
compactness for ( |2.1|) and other perturbations of these equations is also given in p5[| . 

We recall from p9|, Equation (2.25)] that the elliptic deformation complex for the moduli 
space M(t) is given by 



L|(U+) Ll_,{V-) 



(2.2) Li^,{g 
with elliptic deformation operator 

(2.3) Pa,$ := c?A*<l> + '^A,* 

and cohomology H^^. Here, d\^ is the linearization at the pair (A,^) of the gauge- 
equivariant map S defined by the equations (2.1), so 



^1 ^ ^^ fr,ax\ f a\ f d\a - ^rp {(p(E) ^* + ^ (g) (I)*)oo 



{DA + pm(t> + p{a)^ 

The space H^ ^ = Ker d^ ^ is the Lie algebra of the stabilizer Stabyi^<i> in Qe of a pair (^4, $) 
and H\ ^ is the Zariski tangent space to M(t) at a point [A, If H^ $ = 0, then [A, $] is 
a regular point of the zero locus of the PU(2) monopole equations ( |2.1| ) on C(t). 

We now turn to the question of transversality. Recall that a real- linear map p : T*X ^ 
Endc(VF) defines a Clifford-algebra representation p : Clc{T*X) Endc(VF) if and only if 



(2.4) p{a)^ = -p{a) and p{a)^ p{a) = g{a,a)idw, a£C°°(T*X), 

where g denotes the Riemannian metric on T*X. 

For the Riemannian metric g on T*X, let be an S0(4) connection on T*X. A unitary 
connection V on is called spinorial with respect to if it induces the SO (4) connection 
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on T*X, or, equivalently, if 
(2.5) [V^,p(a)] =p(V^a), 

for all 7] G C°°(TX) and a E Q,^{X, M). The unitary connection V onW uniquely determines 
a unitary connection on detVF"*" ~ detVF". Any two unitary connections on W, which are 
both spinorial with respect to V^, differ by an element of iM). Conversely, a unitary 

connection V on a Hermitian four-plane bundle W = © W~ over an oriented four- 
manifold X is uniquely determined by 



• A Clifford map p : T*X — > Homc(14/'+, W ) satisfying (2.4) for the Riemannian metric 
g on T*X, 

• An S0(4) connection on T*X for the metric g, which need not be torsion free, 
and, 

• A unitary connection on det W~^. 

The resulting connection V on is then spinorial with respect to V^; we call V a spirf 
connection if is the Levi-Civita connection. The Dirac operator is not self-adjoint 
on C°°(W © E) unless the S0(4) connection is torsion-free, so is the Levi-Civita 
connection, as one can see from examples. 

Given a Riemannian metric g, Clifford map p, and unitary connection on detTV^, the 
Dirac operators and defined by any SO (4) connection and by the Levi-Civita 
connection 

yLC j^*x differ by an element p{'&') £ Homc(l^+, T^") [|^, Lemma 3.1], 
where E Q^{X,C). Even though a fixed unitary connection on W will not necessarily 
induce a torsion-free connection on T*X for generic pairs {g, p) of Riemannian metrics and 
compatible Clifford maps, we can assume that the Dirac operator Da in ( p.lj ) is defined 
using the Levi-Civita connection for the metric g by absorbing the difference term p{'d') into 



the perturbation term p{'d). Given any fixed pair {go, po) satisfying (2^) and automorphism 
/ E C°° {GL{T* X)) , then {g,p) := (f* 9o, f* Po) is again a compatible pair; the pair {g,p) is 
generic if / is generic. 



Theorem 2.3. Let X be a closed, oriented, smooth four-manifold with Hermitian two- 
plane bundles {W^ ,W~) with unitary connection on detVl^''', and a Hermitian line bundle 
det-E with unitary connection. Then for a generic, C°° pair {g,p) satisfying ( |2.4| ) and 
generic, parameters (t, -i?), the moduli space M*'^{t,g,p,T,'&) o/PU(2) monopoles is a 
smooth manifold of the expected dimension, 

dim M* '°(t, g, p, r, ^) = dim M*j^'''"^{g) + 2 Indexc Da 

= -2pi{sE) - 3(1 - b\X) + b+{X)) 
+ ^Pi{QE) + U^^-b+{X)+b-{X)), 

where A := ^ci{V+) = ci{W+) + ci{E). 

Theorem |2.3| was proved independently, using a somewhat different method, by A. Tele- 



man 



Note that dimM*''^(t) depends only on cr, A, and Pi{qe)- in particular, it does not 
depend on ci{W~^), w = ci{E), or even W2{qe) = w (mod 2), but only on A = ci{W'^) + 
ciiE) = ici(y+). 
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Remark 2.4. In Theorem 2.3, the Dirac operator Da of ( |2.lD is defined by the unitary 
connection on detVF''", Levi-Civita connection on T*X for the metric g, and the Chfford 
map p, together with the unitary connection on E induced by that on det E and by an S0(3) 
connection A on qe- To reduce notational clutter and when it makes no difference to the 
argument at hand, we shall often write Da,^ or even simply Da for the perturbation Dirac 
operator Da + on r{V~^), regarding the perturbation -d G Q^{X,C) as a component 
of the connection on det , now simply viewed as a complex rather than a unitary 
connection. 

For the remainder of this article, we shall write the expected dimensions appearing in 
the statement of Theorem |2.3| as 



daidE) := dimMfi = -2piiQE) - 3(1 - b\X) + b+iX)) 
(2.6) =-2piiQE)-UxiX)+c7iX)), 

2n„(0£;, A) := 2lnde^c Da = ^liQE) + - ct{X)), 
where xi^) ™d cr{X) are the Euler class and signature of X, respectively. 

3. Splicing extended PU(2) monopoles 

We construct a splicing map 7' which will give a homeomorphism from the total space 
of a gluing data bundle into an open neighborhood in C(t) of a level M{t) x S, where 
S C Sym^{X) is a smooth stratum. When defining our spaces of connections and gauge 
transformations, we shall always choose to work L| connections modulo gauge trans- 

formations with k > 4: though only /c > 2 is strictly necessary, we shall occasionally need to 
consider estimates whose constants depend on the norm of Fa (on a subset of X where 
A does not bubble) or norm of Thus, for the remainder of this article and its sequels 
we shall assume A; > 4 in order to make use of the Sobolev embedding L4 C C^. 



3.1. Gluing data. In this section we describe the gluing-data bundles we shall need to 
parameterize an open neighborhood in Af(t) of a level {M{ii) x S) n M(t). 

3.1.1. Connections over the four-sphere. We begin by defining the required gluing data 
associated with the four-spheres: this will, essentially, define the fibers of our gluing-data 
bundles. Let k > 1 be an integer and let have its standard round metric of radius one. 
Let -E be a Hermitian, rank- two vector bundle over with C2{E) = k and let g^; = 5u{E) 
be the corresponding S0(3) bundle with —\pi{qe) = k. 

A choice of frame / in the principal S0(4) frame bundle Fr(TS'^) for TS^, over the north 
pole n G 5"^, defines a conformal diffeomorphism, 

(3.1) : ^ 54 \ {s}, 

that is inverse to a stereographic projection from the south pole s G S*^ C M^; let y( . ) : 
\ {s} be the corresponding coordinate chart. 

Definition 3.1. pp. 343-344] Continue the notation of the preceding paragraph. The 
center z = z{[A], f) G and the scale A = X{[A], f) of a point [A] G BeIS'^) = B^{S^) are 
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defined by 

(3.2) ^([^],/):= J_ / y\FA\'d'y, 

(3.3) X{[A], ff := f \y - z{[A], mFM' d\ 

A point [^4] is mass- centered if 2:([^],/) = and centered if it also obeys A([A],/) = 1. 
An ideal point [A,x] e B^-eiS^) x Sym^(5^) is mass-centered if z{[A,x],f) = 0, where the 
center and scale are defined by replacing |FaP with |Fa|^ + Stt^ l^^ex equations (^.21) , 
with the analogous definition holding for centered ideal points. 

For any (A, z) G M"*" x M^, we define a confer mal diffeomorphism of by 

(3.4) A,, : ^ M^ y ^ (y - z)/X. 

It is easy to see that the point [{fxl)*A] is centered if z = 2;([A],/) and A = A([A],/). 
Via the standard action of SO (4) C GL(R^) on and the conformal diffeomorphism 
ip~^ : S"^ \ {s} M^, we obtain a homomorphism from S0(4) into the group of conformal 
diffeomorphisms of fixing the south pole s. The group SO (4) acts on the quotient space 
of connections based at the south pole, Bf.{S'^) = ^^(5'^) xg^ Fi'(s_e)|s) by 

(3.5) S0(4) X BUS') ^ BUS'), {u, [A,q]) ^u-[A,q] = [{u-')*A,q]. 

The assignment / i— > 2:([^],/) is S0(4)-equivariant, that is, z{[A],uf) = uz{[A],f) for 
u G S0(4), and so X[A] = A([^],/) is independent of the choice of / E FT{TS')\n. The 
center and scale functions define a smooth map {z, \) : B^iS') ^ R"^ x and the preimage 
of (0, 1) G X R"*", namely the codimension-five submanifold of centered connections 

(3.6) BUS') := {[A] : z[A] = and A[^] = 1} C B^S'), 

serves as a canonical slice for the action of R^ x R+ on Bk,{S'); the preimage of G R^, 
namely the codimension-four submanifold of mass- centered connections 

(3.7) BiiS') := {[A] : z[A] = 0} C B.{S% 

serves as a canonical slice for the action of R^ on Bk{S'). We simply write z[A] when 
the frame / for TS'\n is understood, employ the decoration \\ to indicate a subspace of 
mass-centered connections, and employ the decoration o to indicate a subspace of centered 
connections. Since the action of SO (4) preserves the north and south poles of S', it acts on 
Bk'^{S'), and so Bk^{S') admits an action of S0(3) x S0(4), with S0(3) varying the frame 
oi qe\s', the same holds for the spaces of centered connections. 

A simple a priori decay estimate for the curvature of connections is provided by the 
Chebychev inequality: 

Lemma 3.2. Let [A] £ Bf,{S') and suppose z{[A]J) = 0. If X = X[A] and R>0, then 
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Proof. From equation (3.3) we see that 



A2> 



1 



'\y\>RX 



\y\WdS> 



\y\>R\ 



and this gives the required bound. 



□ 



An immediate consequence of the Chebychev inequahty is that if ^ is a centered anti- 
self-dual connection over 5^, with second Chern number k so its energy is equal to Stt^k, 
then A cannot bubble outside the ball -6(0, l/27r) C M^, as it has most energy 47r^ in this 
region by Lemma |3.2| . 

We let M^(S'^) C B'^{S'^) denote the subspace of anti-self-dual connections, centered at 
the north pole, while M^{S^) C B%{S'^) is the subspace of anti-self-dual connections, framed 
at the south pole. Finally, we let Mk'*(S'^) C ;Sk*(5^) denote the subspace of anti-self-dual 
connections, which framed at the south pole and centered at the north pole. The definition 
of Uhlenbeck convergence (see, for example, § |2.2|) for sequences of points [Aa\ in Bfi{S'^) 
generalizes easily to the case of sequences [^0,5^] in ;S^(S'^), when Fr(g£;|s) — S0(3) is given 
its usual topology. Since Lemma [3l^ implies that points in Mk'*(S'^) cannot bubble near the 
south pole, the proof of ||l^, Theorem 4.4.3] adapts with no change to show that Mre'^(S'^) 
has compact closure Mt,'^{S^) in the space of framed, ideal anti-self-dual connections, 

K 

□ (m^_,(5^) X Sym^(5^)) . 

Note that it is the ideal points [j4o,x] in Mk'*(S''^) which are centered in the sense of 
Definition |3.l| and not the background connections Aq. Note also that the points in = 
U {00} representing the multisets x will be constrained to lie in the ball -6(0, l/27r) by 
Lemma |3.2| . 

Observe that since the bundle map u in the definition of an Uhlenbeck neighborhood 
respects the S0(3) action on frames, there is a global action of S0(3) on the space Mti'^{S^). 
This action is free on all strata except [0] x Sym'^(S'^), where the background connection 
is trivial. In addition, the S0(4) action on Mk'^(S"^) extends over Mk'*(S''*). 



3.1.2. Gluing data bundles. We now define bundles of gluing data, G\(JAi, S, Aq), associated 
with a choice of spin" structure t on {X,g), smooth stratum S C Sym^(X), precompact 
open submanifold Z//^ C C{i(), and positive constant Aq- Our definition is motivated by those 
of Friedman-Morgan (3|, §§3.4.2-3.4.4], Kotschick-Morgan ||, §4], and Taubes |6|. 

If t = (/>, W+,W-,E), we denote k = -\pi{Bu{E)). The integer i obeys I < I < [k\ and 
we let S C Sym^(X) be a smooth stratum, defined by an integer partition ki> ■ ■ ■ > > 1 
of ^ such that ki + • • • + Km = ^- Let Ei be the Hermitian, rank-two vector bundle over 
X with det^;^ = det^ and C2{E() = C2{E) - £, so that U = (/), VF", S^). Let Fr(rX) 
denote the principal S0(4) bundle of oriented, (7-orthonormal frames for TX. Suppose 
Ul C C{t(:) projects to the submanifold Ui. Observe that the fibered product 



(3.8) 



m m 

XG(t,) n Fr(rX)) -^Uixl[X 

1=1 i=l 
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is a principal niti(S0(3) x S0(4)) bundle. Let A C Illli -'^ be the fuh diagonal, that is, 
the subset of m-tuples of points in X where some point occurs with multiplicity at least two. 
Let S = Ss = S(ki, . . . , Km) be the largest subgroup of the symmetric group on m symbols 
which preserves the multiplicities. The group 6(ki, . . . , Km) acts freely on Hi^i X — A. and 
we have an identification 

mX-A) /&{Ki,...,Km) = T.ClSym.\X). 



The group S(ki, . . . , Km) acts on the fibered product bundle (3^) to give a principal bundle 

(3.9) Yv{Ue,,T.) ^UixT., 
with total space 

(3.10) Fr(Z^^,S) := Xg^,^^ (^^(5^^) Fr(rX))^ lnr=i^-A 
and structure group 

(3.11) G(S) = G{ki, ...,Km):= (^ftsO(3) x S0(4))^ x &{ki, ...,Km). 

Let have its standard round metric of radius one, let i?^, ... , -E™ be Hermitian, rank-two 
vector bundles over S'^ with C2{E^) = kj for j = 1, . . . ,m, and let Q^j = su{E^) be the 
corresponding S0(3) bundles with —jPi{Qe^) — ^j- Denote := (0,cxd). The smooth 
manifold 

m 

(3.12) Z(S) = Z(ki, ...,Km):=ll (m^ ^Q^^ Fr(5£;0U x M+) 

i=l 

carries a natural action of G(Ki,...,Km) coming from the action of S0(4) rotating 5*^ 
and the action of S0(3) on the choice of frame for 0£;i|s in each factor, and the action of 
S(«;i, . . . , Km) permuting the factors whose underlying bundles are isomorphic. The bundle 
Fr(TX) has its usual right SO (4) action given by 

(3.13) S0(4) X Fr(rX) ^ Fr(TX), (u, /) ^ /u^^ 
We form the fibered product 

(3.14) G\[Ui, S) := Fr(^/,, S) Xg(e) Z(5]), 
together with the natural projection map 

(3.15) vr : G1(Z^^, Y.) ^UiX S. 

This is a locally trivial fiber bundle with structure group G(ki, . . . , Km)- We let Z(S, Aq) C 
Z(S) denote the open subspace obtained by replacing R+ by (0, Aq) in the definition ( |3.12[ ) 
and let Gl{U£, S, Aq) denote the corresponding gluing data bundle. 

3.2. Splicing pairs over X. In this section we describe the splicing construction for pairs 
on {QE,y^) via a partition of unity on X and define the splicing maps 7' for pairs. Our 
description is largely motivated by those of Taubes in ||5^, [^], |Q, |6^, §4], We keep 
the notation of 
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3.2.1. Cutting and splicing pairs. Fix a smooth stratum S C Sym^(X), let x G S, and 
choose ro = tq (x) > to be one half the smaller of 

• The minimum geodesic distance between distinct points Xi, xj of the representative 
{xi, . . . , Xm) of X, and 

• The injectivity radius of the Riemannian manifold {X,g). 

A choice of Lf, connection Aq on and S0(3) frames pi G Fr{QEi)\xi define L1_^^ local 
sections of Fj:{qei), 

(Ji = ai{Ao,pi) : B{xi,ro) Fr(g£;J, i = 1, . . . ,m, 

using parallel transport along radial geodesies emanating from xi together with smoothing 
for sections of using the heat kernel exp(— td^^^dyig) for small t, as described in |2^, §A.l]; 
see also the remarks in p^ , p. 177]. We shall ultimately confine our attention to the case 
where (j4o,$o) is a solution to an (extended) PU(2) monopole equation, in which case the 
L| pair (Ao,$o) is -^^fc+i-gauge equivalent to a C°° pair by Proposition 3.7 in (which, 
though only stated for the PU(2) monopole equations, also holds for extended equations). 
Hence, when we are splicing background pairs which are (extended) PU(2) monopoles, then 
the heat-kernel smoothing described above is not required as all pairs, connections, and 
trivializations can be assumed to be C°°. Let 

(3.16) 0ii;jB(x„ro) - B{xi,ro) X S0(3) 

be the Lf,_^-^ local trivializations defined by the sections cij. 
Define a smooth cutoff function XxQ,e : -'^ ^ [0, 1] by setting 

(3.17) XxoA^) ■= X(dist(x, xo)/e) 

where x • 1^ ~^ [0, 1] is a smooth function such that x{i) = 1 for t > 1 and x(t) = for 
t < 1/2. Thus, we have 



Xxo,e{x) 



1 for X £ X — B{xq, e), 
for X £ B{xo,e/2). 

We define a cut-off connection on the bundle qe^ over X by setting 

'Ao over X-U™iS(xi,4\/Al), 

(3-18) Xx,4Va^o := < r + x^^,4va-<^o over Q{x„ 4^^), 

r over B{xi,2^/Xi), 

where T denotes the product connection on B{xi,rQ) x S0(3), while x = (xi, . . . ,Xm) and 
= (-^1) • • • ) Am)- 

Similarly, we define a cut-off spinor on the bundles VJ' and over X by setting 



<^o over X - U™iS(xi,8A 

over B{xi,iXy^), 



l/3x 



(3.19) ^ = Xx,8A^/3^o:^ 

with the same notation. The reason for the different choice of annulus radii will be explained 
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Let Ai be centered Lf, connections on the bundles Q^i over S^. Let 

Ti = Ti{Ai,qi) : \ {n} Fr:{QE^), i = l,...,m, 

be the analogously-defined Lf._^^^ local sections induced by the connections Ai E A^i and 
SO (3) frames qi E Fr{Q^i)\s. Let 

(3.20) 0s.|54\|„}:^5^\{n}xSO(3) 

be the -^^^_|_^ local trivializations defined by the Tj. Let 6\ : ^ be the conformal 
diffeomorphism of 5"^ defined by 

(3.21) Sx := ipno Xo ip~^, 

where A : ^ is the dilation given hy y i-^ y / X, so 6\ is a, conformal diffeomorphism 
of which fixes the north and south poles. We define cut-off, rescaled connections on the 
bundles Q^i over S'^, with mass centers at the north pole, by setting 

r + (1 - X.,,,^,/2)r*SlA, over (^„(17(0, i ^A^, i^)), 
r over - V9„(S(0, i^/Al)), 

where T denotes the product connection on (5'^ — {n}) xS0(3). Note that T*6'^_Ai = 5^.r*Aj, 
since the section n is defined by parallel translation from the south pole via the connection 
Ai. 

A choice of S0(4) frames fi E Fr(TX)|a;. defines coordinate charts 

ipl'^ : B{xi,ro) C X ^M.'^, i=l,...,m, 

via the exponential maps expj, : B{0,ro) C TXl^^ — > X. The orientation-preserving 
diffeomorphism (fio identifies the annulus (pn{^{0, |\/Ai) 2-v/Ai)) in S' 



(3.22) (l-x^^_^/2Ml^-=< 



'4 



2 

^ ' 4 



(3.23) QE 



n(0,^y^i,2y^i}j :=ipn ({a: E : < \x\ < 2y%^^ C 

with the annulus in X, 

^ (^Xi, ^^/x'i,2^/x'i^ := |x E X : l^/x'i < distg(x,Xj) < 2\/A^| C X. 

We define a glued-up S0(3) bundle qe over X by setting 

QEi over X - W^^Bixi, i^Al), 
over B{xi,2^/X'i). 

The bundles qei and q^^ are identified over the annuli Q{xi, ^^/Xi,2^/Xi}) in X via the 
isomorphisms of S0(3) bundles defined by the orientation-preserving diffeomorphisms (fi o 
(fn^, identifying the annuli 0.{xi, ^\/Ai) 2^/Xi}) with the corresponding annuli in 5^ and the 
S0(3) bundle maps defined by the trivializations ( |3.1(^ ) and (|3.2[1| ). Define a spliced 
connection ^ on g^; by setting 

'Ao over X-U^^i5(xi,4^), 

r + Xx,,4VA-^o + (1 - Xx„vO^/2)^A,^i over n{xi, l^/Ti, A^/Xl 



(3.24) A := < 



51, Ai over B{xi,J^/Xl), i = 1,. 



,m, 
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where the cut-off connections are defined as above; the bundle and annulus identifications 
are understood. Also implicit in definitions ( p. 191) and ( |3.24| ) are the following constraints 
on the scales, given an m-tuple of distinct points, {xi, . . . ,Xm), 



(3.25) 8\/ Xi + 8^/ Xj < distg{xi, Xj), i^j, 

representing a multiset x G S. The splicing map, 7', is defined on the open subset of the 
gluing-data bundle, Gl(Ui,T,) in definition ( |3.14|) , defined by 



(3.26) Gl+iUe,^) := {^"^([Aq, «>o], x) G G1(Z^^ S) : (A,x) obeys (|335D|. 



We shall normally require that the scales Aj = X[Ai] be "sufficiently small" (the precise 
requirement will emerge in §^) and so we shall write 

Gl(Z^,,S,Ao) CG1+(Z^,,S), 

for the open subset defined by the requirement that X[Ai] < Xq for all i, for some positive 
constant Aq, when this bound is significant. 

It remains to summarize what the splicing construction has achieved. The construction, 
thus far, yields a splicing map giving a smooth embedding 

(3.27) 7' : Gl(^/,,S,Ao) ^C*'0(t) 

The fact that the map is a smooth embedding is a fairly straightforward consequence of 
the definitions; it will follow from the stronger result in |2^ that the gluing map 7 gives 
a smooth embedding of the gluing data. Similarly, the fact that the image of 7' contains 
only irreducible, non-zero-section pairs is also a fairly easy consequence of the definitions; 



it is proved in p6|. 



4. Regularity of solutions to extended PU(2) monopole equations 
In this section we recall the basic regularity results for solutions to the PU(2) monopole 



equations (2T): these were proved in [^], so we just summarize the conclusions here, as well 



as proving regularity for (gluing) solutions to the extended PU(2) monopole equations (see 



§ ) . In common with the anti-self-dual equations considered by Taubes in , |6^] , there 
are obstructions to solving the full PU(2) monopole equations ( |2.1| ) and so we shall only 
prove existence of solutions to the weaker 'extended PU(2) monopole equations', described 



in 



To encompass the regularity theory for these extended monopole equations, it will be con- 
venient to consider a more general, inhomogeneous version of the equations ( |2.1| ). Therefore, 
as in §3], we examine a quasi-linear, inhomogeneous elliptic system consisting of a gener- 
alization of the equations (|2.lD and Coulomb gauge equation for a pair {A, <I>) + (a, </>) e C(t) 
relative to (^4,$). As before, we choose ^ > 4 (so that C C^, with C{t) the pre- 
configuration space of L'j pairs acted on by L'j_^^ gauge transformations, Qe- Combining 



(2.1) with the Coulomb gauge equation, and allowing inhomogeneous terms, we obtain an 



elliptic system of equations for a pair (a, (p) in Lj{A^ ® qe) © L'j{V~^), 

&{A + a,<^ + cf>) = (wo, so). 
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Considering A to be a connection on g^; and using the isomorphism ad ■ Qe ^ 5o{qe) 
view Fa as a section of ® g^;, we write (4.1) as 

^A+a - ^P~Hi^ + (/>) + (/))*)00 = Wo, 
{DA+a + Pim'^ + <P) = so, 

where (wq, sq) E L|_^(A"'"®g£;)©L|_^(F^). Recahing that ^ and d\ ^ are the differential 
operators in the elliptic deformation complex p^ , Equation (2.37)] for the PU(2) monopole 
equations ( |2.1D , the above system may be rewritten in the form 

(^A%(."'^^) = C, 

4,$(a, (/>) + {(a, 0), (a, 0)} = -6{A, $) + {wq, sq) =: {w, s), 

where the differentials d^*^ and are given by ||2^, Equations (2.38) &: (2.36)], respec- 
tively. It will be convenient to view the quadratic term {(a, (p), (a, (/})} as being defined via 
the following bilinear form, 

with [b, if) in ^^(A^ ® g^;) © L^(F+). Our elliptic system ( ^TiP then takes the simple shape 

(4.2) 2?A,$(a, 0) + {(a, </>), («, </>)} = (C, t^^, s), 

recalling from |2^, Equation (2.39)] that Va,^ = d^A% + ^A*- This is the form of the 
(inhomogeneous) Coulomb gauge and PU(2) monopole equations we will use for the majority 
of the basic regularity arguments. 

By analogy with Q, J^], we use (a, (/>) = d]l\{v,ilj), where (^,■0) G Lf_]^(A+ © g^;) © 
rewrite the first-order quasi-linear equation ( [4.2D for (a, 0) in terms of {w,s), 

(4.3) (?;,'(/') -0), d^*<i,(?^, -0)} = {w,s), 

to give a second-order, quasi-linear elliptic equation for {v,ip) in terms of {w,s); the 
Coulomb-gauge equation reduces to d^*^d^*^{v,tp) = {6{A,^)-)* {v,^p). 

The precise dependence of the constants C below on the reference pair {A, $) in this 
section is not something we track carefully, as we are primarily interested in local I/| es- 
timates of solutions (a,0) to equations (4^) or of solutions (^,0) to equations (|4.3D when 
k > 2 or k > 3, respectively. For this range of the Sobolev indices, the constants no longer 
depend on simply ||-^a||l2(x) o^' II-^a llL°°(Jf)) for example. Rather, they depend on higher- 
order covariant derivatives of the pair {A, $). In general, throughout this section, constants 
depending on {A, $) can be gauge-invariantly given as constants depending on L| ^ norms 
of Fa or L'^j^^ a ^orms of following the method of Jl2, Lemma 2.3.11]. 

4.1. Regularity for Lf solutions to the inhomogeneous Coulomb gauge and 
PU(2) monopole equations. We recall in this subsection that an Lf solution (a, 0) 
to the PU(2) monopole and Coulomb-gauge equations (4.2), with an inhomogeneous 
term (with fc > 1) is in Lf._^^. Thus, if the inhomogeneous term is in then (a, 0) is in 
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Given any L'j orthogonal connection A on qe, fixed unitary connections on det£^, and 
fixed spin'^ connection on W our Sobolev norms are defined in the usual way: for example, 
if a G C°°(A^ (?) gs), we write 



k 

lAi^) - \ Z^II^A"llLP(X) 

i=o 



i/p 



and if (a, 4>) £ C°°(Ai ® qe) C°°(y+), we write 



i/p 



for any 1 < p < oo and integer k > for which L'j C (see ||2|, Theorem 5.4]). Let 
L^(A^ 18) 0s) be the completion of C^{A^ (^Qe) with respect to this norm, defining Sobolev 
norms and Banach-space completions of the other function spaces we shall need in the 
obvious way. Occasionally, it will be useful to consider different Sobolev exponents on 
one-forms and spinors when defining Banach spaces of pairs, such as 



\\{a,(P)\\LP--p'(x) = \m\Lp{x) + II<P|Ilp'(x)' 
with other Sobolev norms defined in the analogous way. 



Proposition 4.1. [29, Proposition 3.2] Let X be a closed, oriented, Riemannian four- 
manifold with metric g, spin^ structure {p,W^ ,W~), and let E be a Hermitian two-plane 
bundle over X . Let (A, $) be a C°° pair on the bundles {qe, V~^) over X and let 2 < p < A. 
Then there are positive constants e = e(A, $,p) and C = C{A,^,p) with the following 
significance. Suppose that (a, cp) S Ll{X, A^(^qe)®L1{X, V^) is an Lf solution on (qe, V'^) 
to the elliptic system ([4.2| ) over X , where {(,w,s) is in L^. If \\{o,,4>)\\i4^x) < ^ then {a,(f>) 
is in L\ and 

\\{aA)\\Ll^iX) <C{\\{C,w,s)\\LPix) + \\{aA)\\LHx)) ■ 



Proposition 4.2. [29, Proposition 3.3] Continue the notation of Proposition \^.J\ . Let k > I 

be an integer and let 2 < p < oo. Let (A,^) be a C°° pair on the bundles (0_e,1^^) over 
X. Suppose that {a,4>) G L'i{X,A^ qe) © Li{X,V~^) is a solution on {gE,y~^) to the 



is in L'^_^^ and there is a 



elliptic system ( |4.2| ) over X, where {(,w,s) is in Lj.. Then {a 
universal polynomial Qk{x, y), with positive real coefficients, depending at most on (A, $), k, 
such that Q/fc(0, 0) = and 



^.l^^^^ix) < Qk (ll(C,t«,s)[[i2^^(_Y), \\{a,(t))\\Ll^(x)^ 
In particular, if w, s) is in C°° then (a, (j)) is in C°° and if (C, w, s) = 0, then 

IIK'A)llL|^^^^(X)<^^IIK'A)llLf,^(X)- 



By combining Propositions 4.1 and 4.2 we obtain the desired regularity result for L^ 
solutions to the inhomogeneous Coulomb gauge and PU(2) monopole equations: 
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Corollary 4.3. |29, Corollary 3.4] Continue the notation of Proposition Let {A,^) he 
a C°° pair on the bundles {qe, y~^) over X. Then there is a positive constant e = e{A,^) 
such that the following hold. Suppose that (a, (/>) G (X, ©g^;) ©Lf (X, l/"*") is a solution 
on {qej to the elliptic system (O) over X, where (C, w, s) is in L\ and ||(a, (k)\\L'^{x) < £ 
and k > is an integer. Then (a, (j)) is in L'j,_^^ and there is a universal polynomial Qk{x, y), 
with positive real coefficients, depending at most on {A,^),k, such that (5fc(0, 0) = and 

\\{0'^4>)\\li^^^^{x) < Qk (||(C,^^,s)IIl2^^{x). \\{o,4>)\\l\x)) ■ 

In particular, if w, s) is in C°° then (a, (p) is in C°° and if {(, w, s) = 0, then 

4.2. Regularity for L| solutions to the inhomogeneous, second-order quasi-linear 
equation. It remains to consider the regularity properties of the solution (v, tp) to the 
second-order equation (^), where {a,(t)) = dj^i^{v,il)) and thus 

The Laplacian d\ ^d]^'^ is elliptic, with C°° coefficients, and thus standard regularity theory 
implies that if (a, (f)) is in then d\ ^(a, (/>) is in L^^_^ and so {v, if)) is in 

In order to simultaneously treat regularity for solutions to the (extended) PU(2) monopole 
equations and their differentials, we consider the following generalization of the second-order 
system (|4^ ): 



(4.4) (iii,j,d^*^(z;,V') + {d)^^^{v,'4j),d'j^^^{v,'4j)] + {{a,t),d'^,^, 

where {v,tP) G Li(X, A+ © g^) © ^^(X, y^), {w,s) £ L^(X,A+ 
{a,t) G C7°^(X,Ai ©Bij) ©C7°°(X,y+). Here, 

( , ) : r(Ai © qe) © r(i/+) X r(Ai © qe) © T{V+) ^ r(A 



,1,* 



jl,* 



jl,* 



'v,ij)) = {w,s), 
®QE)eLl{X,V+), and 



'Qe)®T{V- 



denotes a bilinear map. Then the proofs of the regularity results of 



tially no change to give the following regularity results for equation (4.4). 



4.1 adapt with essen- 



Proposition 4.4. Let X be a closed, oriented, Riemannian four-manifold with metric g, 
spin'^ structure {p,W^ ,W~), and let E be a Hermitian two-plane bundle over X. Let 
(A,^) be a C°° pair on the bundles (fls,^^) over X and let 2 < p < 4. Suppose {a,t) G 
C°^(X, A^ ©Be) © C°°(X, y+). Then there are positive constants e = e{A,(^,a,t,p) and 
C = C{A,(^,a,t,p) with the following significance. Suppose that {v,tp) G L2{X,A^ ©Be) © 
L2{X,V~) is an L"^ solution to the elliptic system (4.4) over X, where {w,s) is in L^. If 

\\d]l%{v,Tp)\\i^4(^x) < ^ then (f,V') is in and 

\\iv,n\LlJX) <C{\\{w,s)\\LnX) + \\{v,mLHX)) ■ 



Proposition 4.5. Continue the notation of Proposition \4.1\ . Let k > 1 be an integer and 
let 2 < p < oo. Let (A,^) be a pair on the bundles {gE^V^) over X. Suppose 
{a,t) G C7°°(X,Ai©0£)©C°°(X,y+). Suppose that {v,^;) G L?(X, A^ © s^;) © L?(X, 1/+) 
is a solution to the elliptic system ([4.4| ) over X, where {w,s) is in L|. Then {v,iIj) is in 
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^1+2 '^"'^ there is a universal polynomial Qk{x,y), with positive real coefficients, depending 
at most on {A, $), (a, t), k, such that QkiO, 0) = and 

II(^>V')IIl2^2.aW - (ll(^'^)llL2_^(X)JI(f^>V')llLP^{X)) • 
In particular, if (w, s) is in then {v, -0) is in C°° and if {w, s) = 0, then 

\\iv,mLl^,^^ix)<C\\{v,i^)\\Li^^xy 



By combining Propositions 4.1 and 4.2 we obtain the desired regularity result for 



2 



solutions to the inhomogeneous, general second-order PU(2) monopole equations: 



Corollary 4.6. Continue the notation of Proposition \4.1[ Let {A, $) be a C°° pair on 
the bundles (be,^^) overX. Suppose {a,t) G C°°(X, g^;) C~(X, Then 
there is a positive constant e = e{A,^,a,t) such that the following hold. Suppose that 
{v,'4') ^ L1{X,A^0qe)(BL1{X,V^) is a solution to the elliptic system ( [4.4D over X, where 
{w,s) is in L| and < ^ '^'^^ k > is an integer. Then {v,^) is in L'^j^2 

and there is a universal polynomial Qk{x,y), with positive real coefficients, depending at 
most on {A, $), (a, t), k, such that QtiO, 0) = and 



\\iv,i^)\\Ll_^^^^{X) < Qk [Wiw, s)\\l1^^^x)^ II(^.V')IIl2(X)^ 

In particular, if {w, s) is in C°° then {v, ip) is in C°° and if {w, s) = 0, then 

\\iv,n\Ll^^^^(x)<C\\{v,^P)h2^x)■ 

4.3. Local regularity and interior estimates for solutions to the inhomoge- 
neous Coulomb gauge and PU(2) monopole equations. In this section we specialize 
the results of § |4.1| to the case where the reference pair is a trivial PU(2) monopole, so 
(A,^) = (r,0) on the bundles {qe,V^), over an open subset Q C X, where F is a flat 
connection. 

We continue to assume that X is a closed, oriented four-manifold with metric g, spin'^ bundle 
W, and Hermitian two-plane bundle E extending those on ^1 G X. We use these inhomo- 
geneous estimates and regularity results to show that a global gluing solution (a, (j)) to 
the extended PU{2) monopole equations is actually C°°. 



We have the following local versions of Propositions 4.1 and 4.2 and Corollary 



Proposition 4.7. [29, Proposition 3.9] Continue the notation of the preceding paragraph. 
Let Vt' <^Q. be a precompact open subset and let 2 < p < 4. Then there are positive constants 
e = e{Q,p) and C = C{Vt' ,Vt,p) with the following significance. Suppose that {a,(p) is an 
L^(Q) solution to the elliptic system over Q., with {A,<b) = (r,0) and where {C,,w,s) 

is in L'P[Q). If \\{a,(j))\\Ei(yi-^ < e then {a,(j)) is in L^[Vt') and 

\\{aA)\\Ll^in') < C(||(C,«;,s)||lp(q) + \\{a,4>)\\L^iu)) ■ 

Proposition 4.8. p9| . Proposition 3.10] Continue the notation of Proposition \(. % Let 
k > 1 be an integer, and let 2 < p < oo. Suppose that {a,(p) is an L^{Q) solution to the 
elliptic system ( ^ ) over Q with (A,^) = (r,0), where (C,tt),s) is in L^(ri). Then {a,(j)) 
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is in L^^-|^(r2') and there is a universal polynomial Qk{x,y), with positive real coefficients, 
depending at most on k, Vt' , Vi, such that (5fe(0,0) = and 



ll(a>'A)llL2^^_^(n') < Qk (ll(C,ii',s)||i2^^(f^),||(a,0)||^P^(f^) 
// (C, s) is in C°°(r2) then (a, 4>) is in C^{Q.') and if {Q, w, s) = 0, then 

U'^,mLl^,^,m<C\\{a,mLl,(ny 

Corollary 4.9. [29, Corollary 3.11] Continue the notation of Proposition [^T^ . Then there 
is a positive constant e = e{Q) with the following significance. Suppose that (a, (j)) is an 
Lf(J7) solution to the elliptic system ( [4 .21 ) over Q, with (j4,<1>) = (r,0), where {C,w,s) 
is in and </>)||l4(q) < e. Then {a,(f)) is in L\j^-^{Q.') and there is a universal 

polynomial Qk{x,y), with positive real coefficients, depending at most on k, , 0, such 
that Qfc(O) 0) = and 

\\iaA)\\Ll^^^^(n') < Qk (ll(C,ii',s)||i2^^(f^), ||(a,(/>)||i2(f^)) . 

// (C, w, s) is in C°°(r2) then (a, (p) is in C°°{^1') and if {(, w, s) = 0, then 

\\ia,(p)\\Ll^^^^{Q') < C\\ia,<t>)\\LHn)- 



Corollary 4.9 thus yields a sharp local elliptic regularity result for PU(2) monopoles 
(A, <I>) in which are given to us in Coulomb gauge relative to (r,0). 



Proposition 4.10. |29, Proposition 3.12] Continue the notation of Corollary ^.i. Then 
there is a positive constant e = e(r2) and, if k > 1 is an integer, there is a positive constant 
C = C(0',r2,/c) with the following significance. Suppose that (A,^) is an L\ solution to 
the PU(2) monopole equations ( p.l[ ) over il, which is in Coulomb gauge over ^ relative to 
(r,0), so dl{A-V) = 0, and obeys \\{A -T,^)\\la^^) < e. Then [A-V,^] is in C°°(17') 
and for any k > 1, 

\\iA-r,n\LlAn')<C\\iA-r,mL2(^ny 



4.4. Estimates for PU(2) monopoles in a good local gauge. It remains to combine 
the local regularity results and estimates of § [4.3| , for PU(2) monopoles {A, <1>) where the 
connection A is assumed to be in Coulomb gauge relative to the product S0(3) connection 
r, with Uhlenbeck's local, Coulomb gauge-fixing theorem. We then obtain regularity results 
and estimates for PU(2) monopoles {A,^) with small curvature Fa, parallel to those of 
Theorem 2.3.8 and Proposition 4.4.10 in for anti-self-dual connections. 



In order to apply Corollary 4.9 we need Uhlenbeck's Coulomb gauge-fixing result p7| . 
Theorem 2.1 & Corollary 2.2]). Let B (respectively, B) be the open (respectively, closed) 
unit ball centered at the origin in and let G be a compact Lie group. In order to 
provide universal constants we assume has its standard metric, though the results of 
this subsection naturally hold for any Riemannian metric, with comparable constants 
for metrics which are suitably close. 

Theorem 4.11. There are positive constants c and e with the following significance. If 
2 < p < 4 is a constant and A G L^{B, 0g)nL-'l{dB, 0g) is a connection matrix whose 
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curvature satisfies \\Fa\\lp(b) < then there is a gauge transformation u G L^{B^G) n 
L2{dB,G) such that u{A) := uAu~^ — {du)u~^ satisfies 

(1) d*u{A) = onB, 

(2) -§fM^) =0 on dB, 

(3) <c||Fa|Up(b). 

If A is in L^{B), for k > 2, then u is in L^_^^{B). The gauge transformation u is unique 
up to multiplication by a constant element of G. 

Remark 4.12. If G is Abelian then the requirement that < e can be omitted. 



It is often useful to rephrase Theorem |4.11| in two other shghtly different ways. Suppose 
A is an connection on a principal G bundle P over B with k>2 and ||-Fyi||L2(_B) < £• 



Then the assertions of Theorem [1.11 are equivalent to each of the following: 

• There is an if,^^ trivialization r : P — > i? x G such that (i) (ip(T(j4) — F) = 0, where T is 
the product connection on i? x G, (ii) ^j{t{A) — T) = 0, and (iii) ||(t(^) — r)||^2(^-) < 
4Fa\\l\b)- 

• There is an L|^^ flat connection T on P such that (i) dp(A-r) = 0, (ii) ^ j(A-r) = 0, 
and (iii) ||(^ — r)||L2{_B) < and an L\j^^ trivialization P\b ^ B xG taking 
r to the product connection. 



We can now combine Theorem 4.11 with Proposition 4.10 to give the following analogue 
of Theorem 2.3.8 in [12| — the interior estimate for anti-self-dual connections with L^-small 
curvature. 

Corollary 4.13. Let B CM.'^ be the open unit ball with center at the origin with spin^ structure 
{p, W~^, W~), letU B be an open subset, and let T be the product connection on BxS0{3). 
Then there is a positive constant e and if i > 1 is an integer, there is a positive constant 
G{£,U) with the following significance. Suppose that (A,^) is an Lf solution to the PU(2) 
monopole equations ( p.l| ) over B and that the curvature of the SO (3) connection matrix A 
obeys \\Fa\\i2(^b^ < e. Then there is an Lf,_^^ gauge transformation u : B ^ SU(2) such that 
{u{A) - T,u^) is in C°°(P) with d*{u{A) - T) = over B and 

\\{u{A) -T,un\Ll,(u)<C\\FA\\^j^^^j,y 



Again, it is often useful to rephrase Corollary [4.13 in the two other slightly different ways. 
Suppose I > 1 and that (A, $) is a PU(2) monopole in L| on {qe-, over the unit ball 
S C with k > max{2,£}, ||-Pa||_l2(^) < e and U B. Then the assertions of Corollary 
4.13 are equivalent to each of the following: 

• There is a C°° trivialization r : E\b B x and a L^_^^ determinant-one, unitary 
bundle automorphism u of i^l^ such that, with respect to the product connection F 
on S X 5u(2), we have (i) d*^{Tu{A) - P) = 0, and (ii) ||(™(^) - r,rM$)||^2 (^) < 

C\\FA\\^%y 
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• There is an L'^_^^ flat connection F on Qe\b such that (i) d'^{A — T) =0, and (ii) 
— r, $)||^2^(-f/) < c||F^||]^2^^^)5 and an triviahzation Qe\b — i? x su(2) taking 
r to the product connection. 
We win also need interior estimates for PU(2) monopoles in a good local gauge over 



more general simply-connected regions than the open balls considered in Corollary 4.13. 
Specifically, recall that a domain 17 C X is strongly simply- connected if it has an open 
covering by balls Di,...,Dm (not necessarily geodesic) such that for 1 < r < m the 
intersection Dj- n {Di U • • • U Df—i) is connected. We recall (see [||, Proposition 2.2.3] or 



ig, Proposition 1.2.6]): 



Proposition 4.14. If T is a C°° flat connection on a principal G bundle P over a simply- 
connected manifold il, then there is a C°° isomorphism P ~ 17 x G taking T to the product 
connection on Q x G. 

More generally, if A is C°° connection on a G bundle P over a simply-connected manifold- 
with-boundary Q = 17 U 917 with L^-small curvature (with p > 2), then Uhlenbeck's theorem 
implies that A is L^-gauge equivalent to a connection which is Lj'-close to an flat connec- 
tion on P (see |^, Corollary 4.3] or [p!^, p. 163]). The following a priori interior estimate 
is a straightforward generalization of |12| , Proposition 4.4.10]. 

Proposition 4.15. Let X be a closed, oriented, Riemannian four-manifold with spin'^ structure 
{p,W~^ ,W~) and let ^1 C X be a strongly simply- connected open subset. Then there is a 
positive constant e(17) with the following significance. For 17' ^ 17 a precompact open subset 
and an integer i>l, there is a constant C(^, 17',17) such that the following holds. Suppose 
{A, $) is a PU(2) monopole in L\ on (g^;, V^) over 17 with k > max{2, i} such that 

WFAWmn) < £• 

Then there is an Lf.^^ flat connection T on qeIq' such that 

\\{A-T,^)h.^^^^,) <C\\FAC]^y 
and an Lf.^^ triviahzation QeIq' — ^' x su(2) taking T to the product connection. 

4.5. Regularity of gluing solutions to the extended PU(2) monopole equations. 

Finally, we come to one of the main results of this section. 

Proposition 4.16. Let X be a closed, oriented, C°° four-manifold with C°° Riemannian 
metric g, spin'^ structure {p,W~^ ,W~), and let E be a Hermitian, rank-two bundle over 
X. Let (A,^) be a C°° pair on the bundles {QE,y~^) over X. Suppose that {a,(f)) G 
L1{X, qe) (B L1(X,V^) is a solution to an extended P\J (2) monopole equation over X , 

&{A + a,^ + (j)) = {w,s), 

where (a,(/>) = d]{*^{v , il^) , for some (f,V') G (C°nL|)(X, A+ Ogi?) (C° nL|)(X, F"), and 
{w,s) e C°°{X,A+ ^qe)®C'^(.X,V-). Then{a,(l)) is in C'^{X,A'^ ^ qe) ® C°^{X,V+) 
and {v,ij) G C°°{X,A+ (g)gE)®C°°{X,V+). 
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Remark 4.17. It is important to note that the hypotheses of Proposition 4.16 are strictly 
weaker than those of Corohary |4.3| because we not assume that (a, 0) is small relative 
to some constant £{A, which depends, in a possibly unfavorable way, on the pair {A, <1>). 

Otherwise, the reader may wonder why we could not simply apply Corollary [4.3| to 
the elliptic system ( |4.5| ) and deduce straightaway that the solution (a, 0) is in C°°. The 
difficulty, of course, is that the hypotheses of Corollary are not necessarily satisfied due 
to the possibly unfavorable dependence of the constant e{A,^) on the pair (A,^). For 
example, by combining results of §^ and §|9|, we can show that i?i>)||j;^4(j(^) < CA when 
{Ax,^x) is a spliced pair (produced by the algorithm of §^), A is a parameter which can 
be made arbitrarily small, and C is an essentially universal constant, depending at most 
on \\F^ llLti.2(x)' II-^AaIIl2, and ||$a|Il2 /x)'- ™ particular, C is independent of A. Now, as 
we make A smaller to try to satisfy the constraint of Corollary O, we will in general find 
that £{Ax, ^x) also becomes smaller (as it will, for example, if e{Ax, ^x) depends on an 
norm of Fa^ with p > 2, k = or k > 1, p = 2). Thus, as we do not necessarily have a 
lower bound for e{A,^) which is uniform with respect to {A,^), we are left "chasing our 
tail" and Corollary |4.3| will not apply. 

Proof of Proposition 4. It . Since a = d}^^{v^ ip), the extended PU(2) monopole and Coulomb- 
gauge equations become 

4_$(a, (/)) + {(a, (/.), (a, (/.)} = (u;, s) - e(^, 

dX^{aA) = mA,<^ynv,ij), 

where e{A,^) G C°°(A+ ® g^^) © C°°(F-) and (6(A, «>)•)* (w, V') G n L'^){qe)- Observe 
that 

(C, w', s') := {{6{A, $)•)* {v, {w, s) - e{A, $)) G lI{qe) Li(A+ ® Qe) © lI{V-). 

From Remark |4.17| we note that we cannot take the apparently obvious route and apply 
Corollary 4.3. Instead, we fix a point x G X and a geodesic ball B{x, 8) centered at x, fix a 
C°° trivialization Qe\b(x,S) — B{x, 5) x su(2), and let F be the resulting product connection. 
Then 

dloib,ip) + {ib,ip),ib,^)} = iw,s)-e{T,0) = iw,s), 

4;o(6,<^) = (6(A<j>)-rKV') 

where b := A-T + a e Ll{B{x,5),A^ ® qe), 93 + G Lj{B{x,S),V+), and the first 
equation is the expansion of &{T + b,0 + ^ + (p) = {w, s). In particular, the right-hand side 



of equation (4.6) is in l\{B[x^5)) 



In Corollary 



4.S, let 17 = i3 C M be the unit ball, let e = e(il) be the corresponding 



positive constant, and let 17' = i?' be a slightly smaller concentric ball. Since (a, i;^) G 
L^(X, 0^), we know that ||(a, 4>)\\l^(u) ^ as Vol(C/) — > 0, where U is any measurable 
subset of X. In particular, for a small enough ball B{x,6), we have ||(&, ¥')IIl4(b(x,<5)) < ^■ 
We now rescale the metric g on the ball B{x,6) to give a ball B with unit radius, center x, 
and metric which is approximately flat. Note that the equations ([4. 61) are scale-equivariant 



(see 1 29, §4.2]), when cp is replaced hy (f = 6ip and the metric g on TX by g = 6 '^g, and 
that 

\\ib,'f)\\L'i(B,g) = \\ib^'P)\\LHB{x,5),g) < 
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by the scale- invariance of the norm on one- forms and rescaled spinors. (Bear in mind that 
we write "g'" in p9| , §4.2] for the metric g* on T*X and so our rescahng rule for monopoles 
agrees with [35, §4.1] and |5^, §8.1], with g* = 6'^g*.) Corollary 4.9 now implies that (6, (p) — 
and thus (a, i;^) — is in on the slightly smaller concentric rescaled ball B' d B. Therefore, 
(a, (j)) is in on the slightly smaller ball B' (s B. Since ^d^*^{v, ■0) = ^(a, cj)) is now 
in LI(B'), we have {v,ip) £ L'^{B") by standard elliptic regularity theory for a Laplacian, 
d\ ,^d2%, with coefficients where B" d B' is again a slightly smaller concentric ball. 
Hence, the right-hand side of equation ( |4.6| ) is in L2{B"). Repeating the above argument 
shows that (a, is in C°° on B{x,5/2) and so, as the point x £ X was arbitrary, we see 
that both (a, (p) and (v, ip) are C°° over all of X. □ 

5. Estimates for approximate PU(2) monopoles 
The main purpose of this section is to derive an L^'"^'"^ estimate (see Proposition 5.5) for 



6{A, when {A, $) is a pair — an approximate solution to the extended PU(2) monopole 
equations — produced by the splicing construction of §^ 

5.1. Technical preliminaries. In this subsection we gather a few of the technical esti- 
mates we shall need for the proof of Proposition and, moreover, when we derive estimates 
for eigenvectors and eigenvalues of the Laplacian d\ ^d]^*^ in §^. 

The pointwise bounds we require are due to J. Rade ||5^ in the case of a Yang-Mills 
connection defined on an annulus in with its Euclidean metric and to D. Groisser and 
T. Parker in the case of an annulus in a four- manifold X with an arbitrary Riemannian 
metric of bounded geometry. Recall that A is a Yang-Mills connection if d*^FA = (and 
dAFA = 0) and that if A is anti-self-dual then it satisfies the Yang-Mills equations. 



Theorem 5.1. |12], |38], |55| Let X he a closed, oriented, four-manifold with metric g and 
let G be a compact Lie group. Then there exist positive constants c, e with the following 
significance. If A is a Yang-Mills connection on a G bundle P over an annulus Q{xo;rQ,ri) 
in X with < 4ro < ri and whose curvature Fa satisfies 

\\F'A\\L2(n{xo;ro,ri)) < 



and r = distg(x,xo), then 



rl 1 



\Fa\(x) < c ( ^ + ^ ) ||FA||L2(n(xo;ro,n)), 2ro < r < ri/2. 



A similar estimate, for anti-self-dual connections and flat metrics, was proved by Don- 
aldson using certain differential inequalities arising from the Chern-Simons function 



Appendix], |l2|, Proposition 7.3.3]. 



Though not mentioned explicitly in |12| ], [p5|], the proof of Theorem 5J extends to give 
the following more general decay estimate: 



Corollary 5.2. Continue the hypotheses of Theorem \5.J\ . Then for any integer k > we 
have 

(5.1) IV'aFaKx) < ^ (!| + -1) \\FAhHn(.o;ro,r,)), 2ro < r < n/2. 
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For example, the corollary follows immediately by combining Rade's Lemma 2.2 and 
Theorem 1' (the version of his Theorem 1 for a cylinder {to, ti) x in place of the annulus 
Q(ro,ri)). 

We shall also need to establish the existence of a universal estimate for the L"'^ norm of 
the curvature of a (7-anti-self-dual connection. 

Lemma 5.3. |2C, Lemma 5.9] Let {X,g) be a C°° , closed, oriented, Riemannian four- 
manifold and let K > be an integer. Then there is a constant c = c{X, g, k.) such that 
\\FA\\L».^iX,9) < c for all [A] G M^{X,g). 



For any > 1 and A > 0, Lemma 7.2.10 in [[L2| provides a clever construction of a 
cut-off function j3 on such that = for |x| < N^^\fX, (3{x) = 1 for \x\ > A^\/A, and 
satisfying the crucial estimate 

||V/3b4<c(logiV)-3/4, 

where c is a constant independent of N and A. We will need the following refinement of this 
result; for the definition and properties of the L" and related families of Sobolev norms, see 
0, §4]. 



Lemma 5.4. |2C, Lemma 5.8] There is a positive constant c such that the following holds. 
For any N > A and A > 0, there is a C°° cut-off function /3 = I3n \ on such that 



(i{x) 



1 if \x\ > ^VA, 
if\x\<N~^^/\, 



and satisfying the following estimates: 

(1) ||V/3b4<c(logiV)-3/4, 

(2) \\V^P\\L2<c{\ogN)-^l\ 

(3) \\VP\\Ln<c{\ogN)-^'\ 

(4) ||V/3b2 <c(logiV)-iVA, 

(5) ||v2/3||^4/3 <c(logAf)-iVA. 

5.2. Estimates of for spliced pairs. An important application of the decay 

estimates for anti-self-dual connections in Theorem 5.1 is to bound &{A,^) when (A, 
is an approximate solution to the extended PU(2) monopole equations produced by the 
splicing construction of §^. As we shall discover in a key measure of the size of S(^, $) 
in r(A+ (g) qe) © r(y+) is given by 

(5-2) ll(«>'0)llLtt,2;2(x) = ||t'||Ltt>2(X) + IIV'IIl2(x), 

where ||'y||Ltt,2(x) = IbllLtt(x) + and the family of Sobolev norms is defined in 

[16], following Taubes' development in |5^] 



Proposition 5.5. Let {A, be a spliced pair on the bundles {qe, V'^) over {X,g), produced 
by the splicing construction o/§|^ (see definitions ( p.l9D and ( p. 24] ) ), where the background 
family U <s ^(t^) of pairs is a relatively open, precompact submanifold. Then, there are 
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constants and c = c{g), C 
A := maxi<j<mAj, we have 



C{U,K,g), Xq = Xo{U,K,g), such that for all X < Xq, where 

e(A$)|lLM;2(X,5) < CX'/' + ||e(Ao,$o)llL«,2;2(X,s) 

m 



(5.3) 



where Aj = A[ylj]. If F^' =0 on for all i then 

(5.4) l|e(^,$)||i«,2;2(x,,) < CAi/^ + 116(^0, ^o)||l«.2;2(x,9)- 

Proof. Let e be a positive constant which is less than or equal to that of the decay estimate 
in Theorem 5.1 for the curvature of a Yang-Mills connection. Chose a constant Q < q = 
< 1 small enough that g^/Sir^lii < e, for all i > 1. Choose Aq small enough that 
V>^ < e/16. 

For the sake of exposition we shall assume without loss in the proof that the connections 
Ai are (5-anti-self-dual, even though this is not required by our splicing construction or the 
hypotheses of Proposition 5.5. Indeed, for our application in [^] the moduli spaces of mass- 
centered instantons on will be replaced by diffeomorphic moduli spaces of spliced, almost- 
mass-centered, approximate instantons. However, the changes required to accommodate the 
more general situation needed in |27] are elementary. 

The Chebychev inequality (see Lemma |3.2D implies that 



II^aJ|l2{m4-b(o,a,/£)),5) < gV^TT^i < e, 
since q^/Stt^^ < £, by definition of g, and as (Definition |3.lD 



X[A, 



A 



Hence, provided A < Aq, the 5-anti-self-dual connections Ai over S obey the hypotheses of 
Theorem 5J. when = Xi/g for small enough g and ri = oo. 
Recall from definitions ( ^.191) and ( 3.24 ) that 



(5.5) (A,^) 



'{Ao,^o) 


on 


X - 


UT=,B{x,,8Xy' 




on 




4A!/^8Af), 


(r + x.„4VA-<^o,o) 


on 




2,/XiA^), 


(r,o) 


on 




^/Xi/2, 2^/Xi), 


(r + (1 - X.„VA-/2)(^n ^-'rT*A, 0) 


on 


^}{Xi 


VAl/4,VAl/2), 


^((<^„o^-i)*A„0) 


on 


5(x„ VAl/4), 



l/3s 



where the cut-off functions are defined in equation ( |3.17] ). Over the region X— U^^i?(xj, 8A 
we have (A,^) = {Ao,^q), while over the annuli ^l{xi; \^Xi/2,2\^Xi) we have Fa = 0, and 
over the balls B{xi, \fXi/A) we have Fa = Fa^- Thus, it remains to consider the three annuli 
where cutting off occurs and the balls B{xi,y/Xi/4:). 

Over the region X-U™ ^^(xi, 8A-''^) the definition (U) of {A, $) gives {A, $) = (^o, ^o) 
and so &{A,^) = ©(^0)*^*o)- Our hypothesis on the precompact family U of background 
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pairs [Aqj^o] is that ||S(Ao) ^o)||Ltt,2;2(x) is small: 

(5-6) ll®(^'^)llL«,2;2(X-U-,i?(x.,8Ay^)) - II®(^0,^0)||lB>2;2(x)- 

Over the outer annulus r2(xi; 4Aj^^, 8A|^^) the definition ( |5.5| ) of {A,^) gives (A,^) = 
{Ao,Xi^o) where we temporarily use the abbreviation Xi = X 01, 1/3 • Our expression ( p.lD 

for 6{A, then yields 

^ ' > V XiDAo^o + + dxi)<^o )' 

Given 2 < p < co, choose 4 < g < 00 for the remainder of the proof by setting 1/p = 
1/4 + 1/q. Since [^Oj^o] varies in a precompact family, using the estimate for dxi in 
Lemma ^.41 and the preceding expression for &{A, yields 

(5.7) < c||6(A,cI>)||^^(^^^.^.^^y3^g;^i/3)) (by H, Lemma 4.1], for 2 < p < 00) 
<c(A^/(^^) + ||dX.|lL4||$o||.„.o...,...V3,,i/3/ 



lL'^{n{2;,;4A;'^8A;'")), 

<C(A^/(^^) + A^/(^^))<CA^/(^^)-^/l 
This concludes the estimate for (3(yl, $) over the outer annulus. 



Over the middle annulus r2(rcj; 2\/Ai, 4\/Ai) we see that (|5.5D yields 
(5.8) Fa = XiFAo + dxi A a*Ao + (xf - xO<^ A a*Ao, 

where we set Xi = Xxi convenience. Since the connection one- form cr*AQ is in 

radial gauge with respect to the point Xi G X, we have \ip*a* Aq\{x) < C\x\, where C = 
\\FAo\\L°°(Bix„g/2)), and thus for any 1 < p < cx), 

gs \WiM\LP{B{x„4^^)) - '=\^^^ll'^i'^o|lL°°(B(x,,4yA7)) 

< (;;^(2/p)+l/2 



From the expression ( |5.8| ) for Fa over the annulus r2(xi; 2\/Ai, 4V^) — where 6(^4, <I>) = 
(F^'^,0) — and the estimates ( |5.9D for ct*^o and that of Lemma 5A for dxi, we obtain 
an estimate for F^'^ , 

^) llLtt,2;2(Q(^^.2^,4^)) 

— II 7?+'3|l 

- ll-f^A llLtt.2(n(x,;2vO^,4VA7)) 

< c||i^l'^|lLP(n(^,;2vO^,4VA7)) (by H, Lemma 4.1], for 2 < p < 00) 

(5-10) < C (||i^l/|liP(B(,,,4v/A-)) + NXi|lL4|k*vlo|L,(n(.,;2v/A-,4v/A-)) 

+ Ik*^0|li2p(s^(^^.2^,4^))) 

< c {\T + a!^/^)+^/^ + A?(^+i/2)l < CA?/^ 



This completes the required estimates for S(j4, <I>) over the annulus 0(xi; 2V^, 4v^). 
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Next we turn to the estimate of &{A, = (F^'^ , 0) over the inner annulus ^(xj; -v/Ai/4, ^/Xi/2). 
The hypotheses imply that F^^^ = on M^, where 6 is the Euchdean metric on M^. Since 
the metric g is approximately Euclidean in normal coordinates, (p*g ~ 5, we shall assume 
if*g = 5 without loss and regard the annulus Q{xi; y/Xi/4:, ^/Xi/2) C X as identified iso- 
metrically with the annulus Q{0; \^/4:, C M^, even though we shall not assume 

F^'^ = 0. This time, our expression (|5.5| ) for the connection A yields 

(5.11) Fa = XiF{t*A^) + dxi A T*A, + (x? - Xi)r*A^ A r*Ai, 



where we now abbreviate Xi = 1 — Xx^ \P^J2 ^'^'^ '^l-^^- ~ ° '^^'^T'^i -^i- 

Recall from Equation (7.12)] or |65] that, as t* Ai is in radial gauge with respect 
to the south pole of 5^, then the local connection one-form ip*^T* Ai obeys |3|, p. 146] 
{iplT*Ai)r = dr-iiPnT*Ai = and (^;r*^i(oo, 9) = 0, where r = \x\ = (p~^i-), so 

{'PnFA,)re = -g;^{^nT*Ai)e, 



where ((/7*r*Ai)0 = dgjif^TiAi and thus 



{iflFAjtedt. 



Hence, Theorem |5.1| (with ri = oo) yields a bound for 1^ and \ipnT*Ai\s on $7(0; 2ro, oo) 
M4-S(2ro), 



(5.12) 



l^nFAilsix) < C^||FAj|L2(Q(0;ro,oo),5), 



\ip*^T*Ai\s{x) < c^\\FaMl2 



(Q{0;ro,oo),5)) 



and therefore, on the annulus \/Ai/4, \/7^/2), we have — setting ro = LXi and using 
ll-^Aj ||L2(f^(-Q.^jj ,5) < e <C 1 when L » 1 (but otherwise fixed). 



(5.13) 



IflF'A.Uix) < c 



^4 
A2 



<r;Ai|5(x) < c^-, X G J7(0;2LAi,oo). 



(Compare [58, Proposition 7.7] and |Q, Lemmas 9.1 & 9.2]; the above decay estimates for 
the connection Ai with scale A, matches that of ]58| , Equations (7.16) & (7.17)], obtained 
by a slightly different method.) We can now integrate the preceding estimates ( |5.13 ) to get 
the following bound, for any 1 < p < oo, 



(5.14) 



\Fa. 



illLP{n(0;VA7/4,VA7/2),5) ^ ^A- , 



ki"^i|lLP(n(0;v^/4,vO^/2),5) ^ ^A 



{2/p)+l/2 
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From the expression (5.11) for Fa over the inner annulus 0(xj; \/Ai/4, \/Ai/2) and the 
estimates ( |5.14| ) for F^. , t* Ai and that of Lemma 5.4 for dxi, we obtain 

||6(A$)II 

< c||6(A,^>)||^p(f2{a;,;vO^/4,yA7/2),g) (^7 H, Lemma 4.1], for 2 <p < oo) 



(5.15) 



- c||-?^l'^|lLP(f7(j.^;^/4,v/A7/2),g) 

< c||F;|.'^||^p(f^(0.^/4^^/2),<5) + cNXi|lL4|k*^i|lL'J(n(0;v/A7/4,v/A7/2),<S) 

II * /I 1 1 2 
+ CllTj ^i|li2p(Q(0;^/4,^/2),5) 



2/p 



< ca; 



noting that 1/(7 = 1/p — 1/4. This completes the required estimate for F^'^ over the inner 
annulus. 

Finally, we turn to the balls B{xi,\/Xi/ 4). We use normal, hut not necessarily normal 
geodesic coordinates (see Remark |5.6D centered at Xi to attach the connections Ai, defined 
on M'^ = (TX)xi with its standard metric 5. Just as in |58, Equation (8.20)], using F^'^ = 
and 



i(l + *g)FA, = i(*3-*5)i^A. 



gives, via {(p*g)^v = Qfiiy = Si^v + 0{r) for x near Xi e X, 



\F 



A, llLtt.2{B(x,,VA-/4)) 



< C *„ 



*5 



Ltl,2(ij(^^,^/4)) 



<cxy'\\FA 



^\\Lt^^B{x,,y^,/4))■ 



According to Lemma 5^, we have for the standard round metric go of radius one on S^, 
(5.16) IIF^JI 

for c = c(Kj) and all anti-self-dual connections Ai over S"^ with C2{Ai) = Kj. Therefore, 
combining the past two estimates, yields 

(5-17) ^)llL«>2;2(B(a;,,^/4)) = \\Fa''^\\l»'2(b{x,,^,/4)) ^ ^ X]^"^ . 

The required bounds for &{A,^) now follow by combining the estimates ( |5.7D , ( 5.1C| ), and 



5.15| ) for (3(A, $) over the annuli where cutting off occurs, together with the estimates 
5.6| ) for &{A, $) on the complement of the balls in X and the estimates ( ^.17| ) over the 
small balls, and fixing a value of 2 < p < cxd. We take p as close to 2 as possible (in order 
to get the best decay rate in terms of powers of A), so a convenient value is p = 8/3. □ 



Remark 5.6. The reasons for allowing any normal coordinates, rather than restricting to 
normal geodesic coordinates which would give sharper estimates, is explained in [27|. 



Remark 5.7. Suppose B' ^ B C X are concentric balls. If the precompact family 
U C C{ti) is a space of solutions to an extended PU(2) monopole equation defined by 
an eigenvalue cutoff constant fi > (see §^), 

C(Ao,^o) =nAo,*o,/.C(^o,^o), 
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then Corollary ^ implies that — when H-Faq + ||^o||l4(_b) < £ — we have the bound 

11(^0 - r,$o)|lL2^^(iJ') < {\\FAo\\l\B) + W'^oWhiB) + \\^0\\lI^^(B)) > 

where c = c{B' , B, k) and (ip(j4o — F) = 0, since standard linear elliptic theory gives 

||nAo,*o,A.C(ylo,«'o)|lL|^(B') < c||C(Ao,$o)||l2(B)- 



The condition ||-^Ao IIl2(_b) < for small enough £{B), ensures that Theorem 4.11 yields 
\\Ao - r||^2^(g) < c\\Fao\\l2{b)^ with ^0 - r in Coulomb gauge. 

Remark 5.8. As we shall see in it would be preferable to estimate the quantity 
n^^^S(yl, $) directly for the purposes of solving the extended PU(2) monopole equa- 
tions, as n^^^©(^, $) will be smaller than 6{A,^), because we only assume that the 
background pairs (^Oj'^'o) obey H-^^ ^&{Ao,^o) = 0. However, as explained in our 
estimate for &(A,^) will suffice. 



6. Global, uniform elliptic estimates for the anti-self-dual and Dirac 

operators 



We recall some estimates |16], [18| for the operators d\ and Da, with the property that 
all constants depend on the connection A at most through the norm of the curvature Fa- 
These estimates are used in §^ to allow us to identify the small-eigenvalue eigenspaces of the 
Laplacian d\ ^d]l*^ associated to the linearization d\ ^ of the PU(2) monopole equations at 
a pair (A, and in §^ to give a uniform bound for a partial right inverse of this linearization. 

Ultimately the desired global, uniform elliptic estimates rely on the following Bochner- 
Weitzenbock formulas, which we collect here for convenience: 

(6.1) dAd\ + 2d+'*d+ = V\Va + {Ric, •} - 2{FX,-}, 



(6.2) 2d\d+'* = V\Va - 2{>V+, .} + - + •}, 



A 

R 
3" 



(6.3) D\Da = V\Va + I + p(Fl) + \p{Fl + F+ ), 

(6.4) DaD\ = V\Va + I + p(F^ ) + ^p{Fl + F+ ), 

for the Laplacians on r(A^ qe), r(A+ qe), and T{V~), respectively; see |^, 

p. 94] for the first two formulas and [^, Lemma 4.1] for the third and fourth. Here, A is 
viewed as an S0(3) connection on qe (see the conventions described in §|2| and A^, A^ are 
the U(l) connections on detM/^+ and detE', respectively. 

As we shall see in §^ and the presence of the F^ term in the Bochner formula ( |6.4[) 
for DaF>\, unlike the F^ term in the Bochner formula ( |6.2D , means that we cannot simply 
imitate the strategy of |62] in our construction of gluing solutions of the PU(2) monopole 
equations. 
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6.1. Elliptic estimates for the anti-self-dual operator. In this subsection we recall 
the elliptic estimates for the anti- self- dual operator described in The following 

Kato-Sobolev inequality is well-known and will be frequently employed; see Lemma 4.6 in 
for the case p = 2. 



Lemma 6.1. Let X be a C°°, closed, oriented, Riemannian, four-manifold and let 1 < p < 
4. Then there is a positive constant c with the following significance. Let A be an orthogonal 
L^ connection on a Riemannian vector bundle V over X. Then, for any a G L\(y) and 
4/3 < g < oo defined 6y 1/p = 1/g + 1/4, we have 

(6-5) l|a||L9(x) < c||a||iP^(x). 

The estimates for d\ we require are treated in detail in ||l^, based on earlier work of 
Taubes, so we just summarize the results here; the and related families of Sobolev-Taubes 
norms are defined in jl^, §4]. 



Lemma 6.2. |1£, Lemma 5.9] Let X be aC°°, closed, oriented, Riemannian four-manifold. 
Then there are positive constants c and £ = e(c) with the following significance. Let E be a 
Hermitian, rank-two vector bundle over X and let A be an orthogonal L\ connection on qe 
with curvature Fa, such that ||-FA||Ltt,2(x) < £■ Then the following estimate holds for any 



veLf{K+®QE): 



(6-6) II^'IIl2_^(X) + IbllcO(X) < c(l + *^^llLtt.2(x) + 

The preceding lemma is proved via a (subtle) integration-by-parts argument (due to 
Taubes), together with the Bochner formula ( |6^ ) to replace the covariant Laplacian V^Va 
by d\d'^* . In §^ we shall use the following consequence of Lemma |6.2| : 



Corollary 6.3. |16, Corollary 5.10] Continue the hypotheses of Lemma |g. 4 Then: 

(6.7) WdY^Whl j^ix) < c(l + \\FA\\L^x))i\\dAdA*v\\L»,2(^x) + IHmx))- 

Note that any a £ T(A^ CS'flE) which is L^-orthogonal to Ker dj^ is given by a = d^'*v, for 
some V £ r(A+ Qe)- We shall also use the following Lf ^ estimates for v £ r(A+ ® Qe)] 
similar estimates are given in [58, Lemma 5.2] and in [^, Appendix A]; they follow from 
an elementary application of the Bochner formula (|6.2|). 

Lemma 6.4. |2^, Lemma 6.6] Let X be aC°°, closed, oriented, Riemannian four-manifold. 
Then there are positive constants c and £ = e(c) with the following significance. Let A be 
an L\ orthogonal connection on an S0(3) bundle qe over X such that \\F^\\]^2 < e. Then, 

for all V G Lf\X^ ®Qe), 

(6.8) hWil^ix) < c(l + \\FX\\L^(^x)f'\\\dYv\\L2i^x) + \\v\\lHx)), 

(6.9) WdY^Wv^ix) < (1 + 11^1 IIl2(x))^^^ {\\d\dYv\\Li/z(^x) + 

6.2. Elliptic estimates for the Dirac operator. In this subsection we recall the elliptic 
estimates for the Dirac operator Da proved in |p^ . An application of Lemma 5.5 in ||lf 
and the Bochner formula (|6.2D yields 
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Lemma 6.5. Lemma 7.2] Let X he a closed, oriented four-manifold with metric g. Let 
< M < oo be a constant. Then there are positive constants c{g, M) and £{g) with the 
following significance. Let {p.,W~^ ,W~) he a spin^ structure over X with spin^ connection 
determined hy the Levi-Civita connection on T*X and a complex L\ connection on 
detM^^ with \\Fa^\\l°°(x) ^ E be a Hermitian, rank-two vector bundle over X 

with unitary L\ connection Ag on det E with \\FaJ\l°°{x) ^ Denote V = W (i^^ E and 
= (gi E. Suppose A is an orthogonal L\ connection on qe for which X = U2 U U^, 
with U2 , f^ti X open subsets such that \\F^\\is,2(^ij+^ < e <C 1 and II-^a |lco(^+) < M < 00. 
Ifcp+eLl{X,V+),then 

U^\\c^nLl^(x) < c(l + \\Fa\\lHx))\^ + ll^lllcO(C/+))' 



(6.10) 



X 



DADlV\\u^2i^x) + W\\LHx))- 



The analogous estimate holds for (j) G L| {X, V ) , with F^ replaced by Fj^ . 
Since ||L'J(/)'''||^2 ^ < c||(/)^||2,2 ^, Lemma |6.5| yields an -Lf ^ estimate for D^(p: 



Corollary 6.6. |18, Corollary 7.3] Continue the hypotheses of Lemma \6. 4 Then: 
WDlc^^Ll.ix) < c{l + \\Fa\\lHx)?{1 + ll^lllco(c/i))' 

x(p-D+,^+||iM(X) + ll'/'+llL2(X))- 

The analogous estimate holds for D^cf)^ G L'^{X,V^), with F'^ replaced by F^. 

Now Lemma |6.5| and Corollary |6.6| provide useful Ci L\ j^{X) elliptic estimates for 
positive spinors 4>'^ S T{X, V^) and useful L\ ^(X) elliptic estimates for D'^cj)'^ S T{X, V~) 
even when A bubbles, because we still have uniform bounds for F^ away from the bubble 
points (on the set Uoo) and small L"'^ bounds around the bubble points (on the set U2). 
However, this is never the case for FJ in such applications — because F^ is neither C^- 
bounded nor L^'^-small around the bubble points — so neither Lemma 3^ nor Corollary |6.6| 
provide useful n L2 ^(^) elliptic estimates for (p^ e ^{X, V~) or useful L^ Ai-^) elliptic 
estimates for D^(l)^ eT{X,V+). 

To partly address this problem and obtain estimates strong enough to meet the demands 
of §P and §|, we recall that eigenspinors (both positive and negative) satisfy a useful decay 
estimates [1^] on the complement of balls where the curvature is L^-concentrated. These 



were used in [18| to derive Sobolev estimates for spinors on the complement of such balls: 



Proposition 6.7. [18, Proposition 7.4] Continue the hypotheses of Lemma \6. 4 . If (p £ 
L'^{X,V^), write (p = (f)o-\-(f>±, where (po GKerZ?^ and(p± G (KerZ?^)-*", so that (p± = D^tp. 
Then 

^ ^ U±\\LlAX)<c{l + \\FA\\mx)?{l + \\FUcoiu^)? 

(6.12) '"^ 

X {\\DA<P\\Lt'^(X) + Wfh^ix))- 
LfU = X- \JYLiB{xi, X]''^) and U' = X - U'^^B{x^, 2Xy^) d U and max^ Xi < 1, then 

(6.13) WMconLl ^{U') ^ c L2(X))(1 + \\Fa IIcO(C/))II'/'o||l2(c/). 
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In contrast, a simple integration- by-parts argument yields the corresponding bound for 
G T{X, V+): 



Lemma 6.8. Lemma 7.5] Continue the hypotheses of Lemma 6^. Then, for any 
(j) G we have 

(6.14) ||<^||^2 ^(^) < c (1 + \\F+\\co^u^)f' {\\D+^LHX) + UWlHx)). 



Remark 6.9. Lemma 5.9 in [29| yields the bound ||i^A||Ltt < cH-FaHl^ if ^ is an anti-self- 
dual connection. The proof yields the same answer if A satisfies another elliptic equation. 
In the present application, A will be obtained by splicing anti-self-dual connections over 
onto a background connection over X satisfying the extended PU(2) monopole equations. 
Since the background family is always precompact, we may assume a bound of the form 
ll-^Allitt < c||Fa||l2 without loss. 

From the Hodge theorem, we have an L^-orthogonal splitting 

Ll_^{V-) = KeT: D\® Ran Da, 

where D\ : Ll^^iV') Ll{V+) and Da : Ll{V+) Ll_^{V-). It remains to estimate 
the harmonic components of sections in L'^_^(V^). Because of the presence of the 
term in the Bochner formula ( |6.4| ) for DaD*j^, we cannot expect to obtain global U'{X) 
estimates for tp G Ker Z)^ = ¥^ei DaD\ when p > 2. However, in the course of deriving an 
estimate for the Laplacian $c^a*$ shall see that it is enough to derive an ^ estimate 
for ip G KerD^ upon restriction to supp$. For this purpose, it is enough to have decay 
estimates for such ijj away from the points of curvature concentration and in the support of 



7. The Dirichlet problem for the Dirac Laplacian 

Our goal in this section is to prove the following elliptic estimate. This estimate plays a 
crucial role in the proof of Corollary |9.3| , which gives a uniform bound for a partial right 
inverse of the linearization of the PU(2) monopole equations. 

Theorem 7.1. Let M be a positive constant. Let < 4ro < ri < oo and consider an 
annulus 17 = Q,{rQ,ri) = B{ri) — B{ro) C centered at the origin, with C°° metric g 
of hounded geometry and injectivity radius large compared with ri. Let = O(io,ii) <£ ^ 
and Cl' = Q{2to,ti/2) <^ where ro < to < ti < ri and rotQ^,r^^ < M. Let A be an 
C°° spin^ connection on a Hermitian bundle V\^, where V = © V~ and = J7 x C^. 
Suppose Fa and the curvature Rm^ of the Levi-Civita connection for g on TR^ obeys 

(7.1) llRmgllioo(f^) < M, 

(7.2) ||FA||^2(f^) < e and ||Rmg||i2(s^) < e. 

Then there is a positive constant e = e{M,p,ri) such that the following holds. For any 
1 < p < 2 there is a constant C = C{M,p, ri) such that for all ip £ -/^2(^' ^) have 

(7.3) Uhl^in') < C{\\DAD*A^PUr:in) + Uhl^in))- 
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In our applications of Theorem 7.1 in the constant ri will typically be fixed while the 
constant vq is allowed to approach zero: the essential point in the estimate (|7.3D is that the 
dependence of the constant C on is known and, in particular, remains bounded as rg — > 0. 
The annulus r2(ro,ri) will be thought of as surrounding a ball where the curvature of an 
SO (3) connection A" on g^; is allowed to bubble inside the ball but remains -L°° bounded 
on J7(ro,ri), where V = W <Si E, with spin*^ connection on V determined by A° on qe, 
on detPI^"'", A(, on deti?, and the Levi-Civita connection on T*X. Usually, the constant tq 
will be a constant multiple of A, the local scale of the connection A. The slightly unusual 
conditions on the relative sizes of the radii rg, r\ arises because of the application in the 
proof of our decay estimates for eigenspinors Theorem 1.1]. The dependence of the 
constant C on ri arises through 

• The first Dirichlet eigenvalue of the scalar Laplacian on a ball of radius ri in 
(Remark [7^ , and 



• The dependence of the norm K = K{Q) of the Sobolev embedding |2|, Theorem V.5.4] 

(7.4) Ll{n) C L\^) 

on the geometry of the largest interior cone defining the interior cone property for $7: 
the hypothesis tq < ri/4 ensures that this depends on ri but not tq. The constant 
ri determines the maximum height of the cone with respect to which the annulus 
r2(ro,ri) satisfies an interior cone condition — see g §IV.3 & Theorem V.5.4]. 

The Sobolev constant K also depends, in general, on the bounds for the curvature Rm^ 
of the Riemannian metric g and its injectivity radius, which we shall always assume to be 
much larger than ri §11.7]. 

We can assume without loss that A extends to a C°° connection (not necessarily Yang- 
Mills) on U {oo} with small curvature and write 

(7.5) A = T + a, 

with r being the product connection onM^xC^. Rather than assume that the spin'^ connection 
A is Yang-Mills, in our application to connections A produced by the splicing construction 
of §1^, it suffices to assume that the S0(3) connection A° is Yang-Mills, while the fixed 
U(l) connections Ad and Af, obey a curvature constraint of the same shape as (|7.2|) . (Of 
course, we can always assume without loss that A^ and A^^ are Yang-Mills.) li a = A — T 
is a connection one-form on (R^ \ {0}) U {oo} in radial gauge with respect to the point 
at infinity, whose extension we take to be Yang-Mills for simplicity (as will be true in our 
application), then Corollary 5^ and the proof of inequality ( 5.12| ) imply 



(7.6) \^tO'\5{x) < Ck^^\\FA\\L^n{ro,oo),5), 2ro<r<oo, 



provided only that ||-^A||L2(-f2(j,Q q^j ^) < e, where e is a universal constant and A; > is any 
integer. We denote r = \x\ = dist5(0, x), and 5 is the standard metric on R^. This result, 
aside from a consideration of the precise constants involved, is Lemma 9.2 in |61|. In our 



application, we at most need the estimate ( |7.6| ) when k < 1, A has scale A, and rg = LA, 
with L ^ 1 a fixed, universal constant. Inequality ( |7.6D yields the useful bound 

(7.7) II«IIl- (H) < M, 
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while the bound 

(7.8) l|i"A||Loo(^) < M 



would follow directly from Theorem |5.1| , where Vt in inequalities (^j) and ( |7.8| ) can be taken 
to be r2(2y^, oo) if ro < 1 and simply r2(2ro, oo) if tq > 1. 

7.1. The Dirichlet problem for scalar, second-order elliptic equations. To begin, 
we recall some results from |35| concerning elliptic, second-order differential equations for 
functions on domains in Euclidean space. First, we shall need the following consequence of 
the Calderon-Zygmund inequality Theorem 9.9 & Corollary 9.10], |57]: 



Lemma 7.2. |35, Lemma 9.17] Let Q. C M" he a domain whose boundary dQ is a C^'^ 
submanifold. Let 

(7.9) c = af'''ix)—^ + b^'ix)—+cix) 

dx^dxu dx^ 

be a strictly elliptic second-order differential operator on Cl, so a^^^^^£^y > A|^p for all^ £ 
and X G for some positive constant A. Require that the coefficients obey a'^'^ £ C^{i),), 
b^,c S L°°(r2), and c < 0, with \a'^'^\, l^'^l, |c| < A, for some positive constant A. Let K = 
max{ 1 1 0^^^11(^0,1(0)) ll^'^llcO'i(fi)' Il'^ll-L°°(r2)}- Then there is a constant C = C{K,n,p, X, A,Q) 
such that for all u G L^{^) n L\{Vt; dO,), 1 < p < oo, 

(7-10) ||u||iP(f^) < C||£u||ip(n). 

See also Theorem 9.14 in [^] for a similar statement, under slightly different hypotheses. 
We shall also need results concerning the existence and uniqueness of solutions to the 
Dirichlet boundary- value problem: 

Theorem 7.3. |^, Theorem 9.15 & Corollary 9.18] Continue the hypotheses of Lemma 
\7.1(\ . If f £ LP{^) and (p G L^{^), with 1 <p < oo, then the Dirichlet problem 

(7.11) Cu = f onn, u-ipe L{{Q;dn) 

has a unique solution u G ^2(1^). If p > n/2 and if G C^{dQ), then the Dirichlet problem 

(7.12) Cu = f onQ, u = ip £ dQ 
has a unique solution u G -^2ioc(^) ^ C''^(^)- 

Lastly, we recall the following regularity results for solutions to the Dirichlet problem: 

Theorem 7.4. |^, Theorem 9.19] Continue the hypotheses of Lemma 7.1(\ . Suppose the 
coefficients of C belong to C^^^'^{Q) (respectively, C^~^'°'{Q)), and f G L\^^^{^) (respec- 
tively, C^~^''^{Q)), with 1 < p,q < 00 and < a < 1. If u £ L^i^^i^) is a solution to 
Cu = f, then u G i|+2,ioc(^) (respectively, C''+^'°'{n) ). 

Furthermore, if ^ is a (7^+i'i domain, C has coefficients in C^^^'^{0.) (respectively, 
C''-^'''{n)), and f G Llin) (respectively, C'=-i'"(0)), then u G LI^^Iq) (respectively, 
C'^+i'°(17);. 
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7.2. The Dirichlet problem for harmonic spinors on an annulus. The main purpose 
of this subsection is to prove Theorem \l.5[ the analogue for the Dirac Laplacian of the 
existence, uniqueness, and regularity results for the scalar, second-order elliptic equation in 
the preceding subsection. 

We outline the strategy in a series of lemmas. We first have the following analogues 
of Theorems 8.3 and 8.13 and Corollary 8.7 in |35], which solve the Dirichlet problem for 



second-order, linear elliptic operators on functions over domains in Euclidean space. While 
we could appeal to standard results for elliptic boundary-value problems for systems, such 
as those of [Q, §20.2], and §§6.2-6.5], it is essential for our application in 

the remainder of our article that we know the precise dependence, if any, of the constants 
appearing in estimates on the geometry of the domain and the curvature Fa_ of the 



connection A. Hence, we instead proceed by modifying the arguments of [35, §§8.1-8.4 
& 9.5, 9.6] for the Dirichlet boundary-value problem for the second-order, linear, elliptic 
operator on functions. 



Note that because we are only considering the Dirichlet problem in Theorem [7.5| for 
covariant Laplacians or Laplacians plus zeroth-order terms, we do not encounter the ob- 
structions to prescribing local boundary conditions for operators of Dirac type discussed in 

i- 

We write L^{^, dQ) for the closure in L^{^) of the subspace C^(0), rather than Wq '^(fi) 
and as is customary in [0] or |35|]. 



Theorem 7.5. Let < 4ro < ri < oo and let Q = Q(rQ,ri) be the open annulus B{ri) — 
B^vq) in with C°° metric g on of bounded geometry, with injectivity radius > ri and 
||Rmg||£,cx)(f2) < M < oo. Let A be a C°° spin^ connection on a Hermitian vector bundle 
V = © V~ , where = Q, x and let Da be the Dirac operator on T{Q,V), with 
Bochner form V^V^i -|- TZa- Then there is a positive constant e = e(min{l, ri}, M) such 
that if 

(7.13) ll^^llL2(n) < £, 

then the following holds. Let 1 < p < oo and ip £ L-^i^^, V). 

1. There is a unique solution h £ ^2(^1,^^) to the Dirichlet problem 

(7.14) D\h = on n and h - £ L?,{n, dn;V). 

If p > 2 and tp £ C^{dQ), then there is a unique solution h £ C^{U, V) H L2 ioc(^' ^) 
to the Dirichlet problem 

(7.15) T)\h = on Cl and h = ip on dVL. 

2. The solution h obeys the a priori estimate 



(7.16) \\h\\Ll^m<c\mLl^m, 
where c = c(ri, M). 

The same results holds for the Dirichlet problem for the covariant Laplacian, V^Va, as in 
that case one simply has TZa = 0. 

Note that when V = W ® the exact form of IZa is given by the Bochner formulas 
^), ( |6.4| ), with in those expressions being the S0(3) connection on qe- 
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We first record a few elementary integration-by-parts formulas which we shall need for 
the proof of Theorem |7.5| . Let 17 C X be an open subset with boundary dQ C X a compact, 
smooth submanifold. From p5| , Equation (II. 8.1)] and the Divergence Theorem, we have 

(7.17) [ {V\VAVi,V2)dV = [ {VAiPuVAiP2)dV- [ (Va,.<^i, ^2) d^, 
Jn Jn Jdn 

where ly is the outward-pointing unit-normal vector field on dQ. Similarly, as 

d{ipi,ip2) = {Va^1,^P2) + (v^i, Va¥'2), 

we have 

(7.18) [ {'^A^i,V^2)dV = - [ {ipi,VAV^2)dV + [ {^1,^2) dS. 
Jn Jn Jdn 

We shall also need the corresponding integration-by-parts formulas for the Dirac operator. 
Recall from Proposition II. 5. 3 & Equation (II. 5. 7)] that 

(7.19) [ {DA^ui^2)dV= [ {i>uDAi'2)dV+ [ (p(i/*)V'i, V'2> d^, 
Jn Jn Jan 



(7.20) / {Dii;i,^2)dV= / {DAi^i, Da^2) dV + / {p{u*)DAi^i,^2) dS, 

Jn Jn Jdn 

where i^* = g{-,iy) is the one-form on dO, dual to the outward-pointing unit-normal vector 
field 1^. We now turn to some preparatory lemmas. 

Lemma 7.6. Xei//i(0; A) denote the first eigenvalue of the Laplacian A on C°°{Q,dQ,;C), 
for a domain C with the standard metric and Dirichlet boundary condition on dQ. If 
B is the unit hall andVt^ the annulus B{0, 1)—B{0,e), then fj,i(B;A) is the first positive zero 
of the Bessel function J(„_2)/2 '^'^^ /^i(^e) A) > /xi(-B; A) for a// < e < 1. In particular, 
if n = 4, then fii{B; A) ~ 3.83171, the first positive zero of the Bessel function Ji. 

Proof. The calculation of the first (and all higher) eigenvalues of the Dirichlet Laplacian on 
B C can be found, for example, in |3^, pp. 106-107]. The lower bound on /xi(r2e;A) 
is a consequence of domain monotonicity of eigenvalues for the Laplacian with Dirichlet 
boundary conditions ||8|, Corollary I.l]. □ 



Lemma |7.6| leads to a lower bound on the first eigenvalue of the Dirac Laplacian on 
the annulus O^. Recall that the Bochner formula for the Dirac Laplacian gives D\ = 
V^Va + 'R'A on C°°(n, V) and if we restrict to sections of V'^ or , then TZa is replaced 
by TZ\ or TZJ^. 



Lemma 7.7. Continue the notation and hypotheses of Lemma \7.(\ . Let /ii(r2; V^V^i), 
respectively fii{Q;D'j^), denote the first eigenvalue of the covariant Laplacian V^Va, re- 
spectively the Dirac Laplacian D\, on C°°{^,dQ.;V) with Dirichlet boundary conditions on 
dQ. Let K = K{rL) denote the norm of the Sobolev Lf{i^) — > L^(r2). Then 

(7.21) /ii(17,; V^iVa) > fiiin,; A) > /ii(B; A) > 0, 
and 

(7.22) /ii(f7,; D\) > (1 - K\\nA\\LHn))l^i{B; A) - K\\nA\\mn), 
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which is positive for small enough WR-aW (n^) ■ U we restrict the Dirac Laplacian D\ to 
sections of or , then IZa is replaced by TZ\ or TZ^ above. 



Remark 7.8. The balls and annuli in Lemmas [7.7| and 7.6 have outer radii equal to 1. If 
radii ar 
XII.71. 



the radii are multiplied by a factor ri , then the eigenvalues are multiplied by a factor ^ 



Proof. The first Dirichlet eigenvalue of the covariant Laplacian V^V^i on C°°(J7, dil.; V) is 
given by 

^i(17;V:4Va) = „, inf \\VAi^\\h,^y 
■(/>=0 on dQ 

where the infimum is taken over smooth sections. The Kato inequality |V|^|| < |V^V| 
the analogous characterization of fii(0,;A) imply that 

l|VAV'lli2(o) > l|V|V'llli2(f7) > A). 



The desired estimate now follows from Lemma \L6 . 

Similarly, the first Dirichlet eigenvalue of the Dirac Laplacian on C°°{Q,dQ;V) is 
given by 

IIV'IL2(n)=i. 

'0=0 on dQ 

where the infimum is taken over smooth sections. Applying the Bochner formula and 
integration by parts, we see that 

pAV'lli2(f,) = (I?i^,V)L2(0) 

= (VAVAV',V')L2(n) + (7^AV',V')L2(^) 

> l|VAV'lli2(n)-|I^A||L2(n)IIV'lli4(f,) 

> l|VAV'lli2(n) - 4T^A\\mn){\mh^n) + l|VAV'lli2(n)) 

> (1 - c||7^A||L2(Q))||VAVIIi2(^,) - c\\nA\\mu)\ml2^n) 

> (1 - c||7^A||L2(f,))Ml(^^; v\Va) - c||7^A||L2(f,). 

The inequality now follows from the eigenvalue estimate ( [7. 211 ) . □ 



We can now turn to our proof of the a priori L\ estimate. 
Proof of inequality ( [7.16 ) in Theorem l.t. Since 



(7-23) ll^llL2^^(n) < 11^ - + llV'llL2_^(n), 

it suffices to estimate the L\ ^(f^) norm of h — tp. Observe that 

11^ - ^Wq ^in) < 11^ - i'h^n) + I|Va(/i - V')||L2(f^) 

(7.24) <f^i'^^\\DA{h-ij)h2in) + \\^A{h-ij)\\mn) (byLemma|7: 

<c||VA(/l-V)llL2(f7), 
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where jii = /xi(ri; D\). Using integration by parts ( |7.17| ) and the facts that h — = {) on 
dVL and D\h = on $7, we see that 

= {^Aih -%l)),h- V')l2{q) + (7^a(/i -tp),h- V')l2(q) 

= h - V')L2(f7) + {T^A{h -ij),h- V')l2{q) 

= -{DAi^, DA{h - V'))l2(q) + CR-Aih -'4j),h- V')L2(n) 

< c||Va^||l2(q)||Va(/i - V')llL2(f7) + \\'T^A\\L^(n)\\h - 

< c\\\/aiP\\l2{q) ||Va(/i - i')\\LHn) + K\\nA\\L^in)\\h - V'llij ^(^), 

where K = K{Q) is the norm of the Sobolev embedding a(^) ~^ ^^(^2). Therefore, using 
the interpolation inequahty xy < ex^ + e~^?/^ and the bound ||'7^yi||L2(f^) < e • min{l, K~^}, 
(by hypothesis ( 7.13 )) the preceding inequahty gives 

(7.25) \\VA{h - mLHn) < cWVAi^h^in) + e {\\VA{h - n\L^m + \\h - i^h^in)) ■ 
Combining inequahties (|7.24| ) and ( [7. 251) and using rearrangement yields 

(7.26) \\h-i^\\Ll^^n)<4^Ai^\\mn)- 

Hence, the a priori estimate ( f7.16| ) follows from inequalities ( |7.23 ) and ( 7.26| ). □ 



With the preceding lemmas at hand, we can now complete the proof of Theorem 7.5 

Proof of Theorem [7.4 Observe that the given Dirichlet problem, D\h' = and h' — ip' G 
L2{0,,dQ,;V), is equivalent to 

(7.27) D\h = ip on 17 and h£ L^(0, dQ; V), 

if we take h = h' - ip' £ Ll{n,dn;V) and ip = -D\ip' G LP{n;V). Let Ti. = Ll{n,dn;V) 
and define a bilinear form B : 7i x TC ^ Chy 

S{(pi,(p2) = {ipi,D\ip2)L2(n) = {DaVi,DaV2)l^{p.)- 

Similarly, define ip* G H* by setting 

^*((^) = ((^,^/;)^2(Q), for all 99 e 

noting that {(p,ip)L^(^n) < ||'/'IIl2(q) • ||^||l2(q)) so V* : ^ C is a continuous map, as 
claimed. Integrating by parts and arguing as in the proof of Lemma 7.7 we see that 

Il<^lli2_^(n) = Il'^lli2(n) + l|VA'/5|li2(C) 



< (1 + /^i ^)\\DA^\\l2in) + \\T^A\\mQ)\M%(n) 

< (1 + fi^^)\\DA^\\l2^^) + K\\nA\\mu)M\l2 ^ 



where the constant K{Q) depends only on the geometry of cone defining the interior cone 
property for n |, §IV.3] by the Sobolev embedding Lf (17) C L^(0) |, Theorem V.5.4]. By 
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hypothesis ( |7.13 ), we may suppose ||'^A||L2{n) < ^ and hence rearrangement in the last 
inequahty yields 

||(/?||^2 ^(f^) < cB{(p, (f), for all (p €H, 

with c' = 2(1 + Thus, B is a bounded, coercive bilinear form on 7i (see, for example, 

p5| . Equation (5.11)]). The Lax-Milgram theorem |3^, §5.8] then implies that the map 
B : TC ^ Tl*, ip ^ B{-,if) is continuous and bijective — with continuous inverse by the 
open mapping theorem — and consequently there is a unique solution h gTC to the equation 

^(99, /i) = ((^,V')i2(f^), for all v? e 

In other words, there is unique weak solution h £ Ll{Q,dil.;V) to the Dirichlet problem 
D^h = t/j. Standard regularity arguments ensure that /i is a strong (or classical) solution, 
with the asserted regularity properties for a given ip jpH] . Let 



be the Green's operator for the Dirichlet problem D\h = ijj, h £ L\{U,,dQ.\V). Since Ga 
can be written as a composition of continuous operators, 

Ll{Q; V) L^{Q; V) L'^{Q; V)* ijiQ, d^; V)* lI{Q, d^; V), 

with the first embedding being compact by Rellich's theorem Q (for bounded fi), then Ga 
is compact. Therefore, Ga has a discrete spectrum and zero as the only possible limit point; 
the spectrum is real since Ga is seen to be self-adjoint in the usual way. Hence, has a 
discrete, real spectrum with no limit points. □ 

7.3. L2 elliptic estimates for spinors over annuli. In this subsection we complete the 
proof of Theorem [7.1| , the main result of this section. 

We shall need elliptic estimates for negative spinors, that is L1_^^ sections of V~ = 
W~ i^E, over open subsets of X where the curvature Fa obeys a bound which is uniform 
with respect to A. The desired estimates are fairly delicate, as the domain in question is 

1 /3 

of the form U = X - W^^Bixi^K' ) and we require estimates which are uniform with 
respect to the ball radii. In particular, the estimates we need do not follow from a simple 
application of the standard elliptic estimate for DaD\ over X using cutoff functions equal 

to one on the complement of these balls and equal to zero on the smaller balls B{xi, 2Xy^). 

We shall need the following analogue — in the case of Sobolev norms of sections of a 
Hermitian bundle V defined via covariant derivatives — of the interpolation inequality given 



by ]35, Theorem 7.27] for Sobolev norms of functions on domains in 



pn. 



Lemma 7.9. Let 0, be an open subset of M", not necessarily bounded. Let T denote the 
product connection on V = 0, x and suppose the unitary connection A on V is given 
by A = T + a, with ||a||Lf=j,(n) < ll-^A||L°°(n) ■ Suppose \\FA\\L^(^n) < M, for some positive 
constant M . Then for alll < p < 00, there is a constant C = C{n,p, M) such the following 
holds: for any u £ L^{U,dO,; V) and < e < \M~^ , 

(7.28) ||VAu||iP(n) < £\\^\u\\Lv{n) + Ce~"^IKIlLp(f7)- 
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Proof. From ||35| , Theorem 7.27] (see the last inequality in the proof of Theorem 7.27 on 
p5| , p. 172]) we have the interpolation inequality 



(7.29) ||VrV||LP{Q') < c{e\\Vli;\\LPiu') + ^"'IIV'IIlpcq'))' 
for some constant c{n,p) and all e > 0. Observe that 

(7.30) V\u = Vlu + a (g) Vru + (Vpa + a O a) eg) n. 

The interpolation inequahty (7.29) and the identity ( 7.3C| ) now yield an interpolation in- 
equality for Vau- 

\\^Au\\LP{n) < l|Vr'u||ip(Q) + ||a||L°°(f7)ll'"llLp{Q) 

<e||V^n||iP(f^) + (l + e-i)||a||i^(o)||n||iP(t^) (by ( [7:2^ )) 

< £\\^Au\\Lp{n) + e||a||L^(n)||Vr'u||LP(o) 

+ (e(l|Vra||Loo(Q)) + ||a|||^(s^)) + (1 + e~^)||a||L°°(n)) ll^^llLp(n) 

< ^\NAu\\Lp{n) +£\\a\\L'^(n)\\VAu\\LP(n) 

+ (e(l|Vra||L-'(f^)) + 2||a||ioc(Q)) + (1 + e"^)||«||L°°{n)) \MLP{n)- 

Consequently, for e < ^||a||^i)(f^); rearrangement yields 

INAuhpin) < 2e||Viu||ip(Q) + Ce'^\\u\\LP{Q), 

where C depends on ||a||/,oo^(Q). Replacing e by e/2 and using ||a||L^^(n) < c||F4||/^oo(q) 
yields the conclusion. □ 



Modulo Proposition 7.10 and Corollary 7.11 below, we can complete the proof of Theorem 



7.1 



Proof of Theorem 7.1, given Proposition 7.1C and Corollary 7. j j| . According to Theorem 7.5 
there is a unique solution h G j^{Q) to the Dirichlet problem 

DAD\h = on and h = ip on dO,. 

We can estimate the D L2 a{^') norm of h in terms of ||/i||L2(Q) using [18, Theorem 1.1], 
since ^l' C r2(2ro, ri/2), A is Yang-Mills with L^-small curvature, and g obeys the bounded 
geometry conditions of ||l^, §1.4]. We can therefore estimate the R L2^(r2') norm of h 
in terms of HV'llLa ^(q); using estimate ( |7.16| ). Thus 

il; -he Ll{Q,dn;V), 

and so Corollary 7.11 implies that 

(7.31) ||Vi(V^ - h)Upin) < C\\DaD*AxI^ - h)Up(^n) = CPa^I^IIlp(q)- 
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Consequently, we have 

llViV'llLP(c') < llViCV- - h)\\LP(n>) + ||V^/i||iP(Q/) 

< \\V\{i^ - h)\\L.^n) + c\\h\\L2^n) (by @) 

< C(||Vi(V - /i)llLP(n) + IIV'IIl^ (by dLD) 

< C{\\DAD\^p\\Lr:^n) + Uhl^in)) (by (S)). 
But Lemma implies that 

I|Va(V' - /i)llLP(f7') < e||vi(V' - /^)IIlp(c') + Ce-^liv^ - 

and so, because || VAV'llLp{n') < I|Va(^ - /i)llLp(C') + I|Va/i||lp(C') and p < 2, we obtain the 
L^j^ estimate 

This completes the proof. □ 



The use of Lemma |7.9| in the preceding proof is unnecessary when p < 2, as we hypoth- 
esized, but it indicates the structure of the argument if this assumption were dropped (for 
example, if we had useful L2{^') estimates for h when 2 < p < oo). 

Thus we see that the key remaining ingredient in our argument is to prove the following 



systems analogue of Lemma 7.2: 



Proposition 7.10. Let M be a positive constant. Let (s be a domain, where M" 
has a C°° metric g of bounded geometry and injectivity radius g, let fii{Q,g) be the first 
Dirichlet eigenvalue of the scalar Laplacian on 0, and let 1 < p < oo. Assume $1 obeys 
an interior cone condition for a fixed cone K,. Let A be an C°°(r2) spin'^ connection on a 
Hermitian bundle V\q, where V = © V~ and = x C^. Suppose 

(7.32) ||Fa||loo(q), ||Rmg||ioo(Q) < M, 

and that A = T + a, with 

(7-33) ||a||L5^j,(n) < c\\FA\\L^{n)-, 

where c = c(M). Then there is a positive constant e = e{IC, M,p, g, fii) such that the 
following holds. For any 1 < p < 2 there is a constant C = C{fC, M,p, g, /ii) such that for 
all u £ L2{Q, dQ; C^) we have 

(7.34) \NAu\\LPin) < C\\V\VAn\\LPiQ). 



Corollary 7.11. Continue the hypotheses of Proposition 7.1L and, in addition require that 

(7.35) II^a||l2{q), \\Rmg\\L2(^n) <e, 

Then there is a constant C = C(/C, M,p, g, /ii) such that for all tp G L^{^, dVt] V), 

(7.36) l|ViV||LP{Q) < C\\D\u\\ 

Remark 7.12. For the domain = r2(ro,ri) of interest, the dependence of IC{0,) on the 
geometry of Q, is explained in the paragraph following the statement of Theorem while 



the dependence of /Ui = /Ui(0) on Q is explained in Lemma and Remark 
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The refinement we give in Proposition 7.10 and Corollary 7.11 is crucial for our purposes 



because the dependence of the constant C in 1 35] on the domain is often difficult to discern 



from the proofs in |3^. While we might fix rg = 1 and consider ri large in J7(ro,ri), there 
is usually an implicit assumption in the arguments of []35| , Chapters 7-9] that the domain 
0, is bounded. So we cannot necessarily assume that ri = cxd is allowed and thus infer that 
the constant C is independent of ri € (l,oo). For this purpose, the simplest strategy is to 
take the following corollary of the Calderon-Zygmund inequality p5| . Theorem 9.9] as our 
starting point — as do Gilbarg and Trudinger, for example, in their proof of [ p5| , Theorem 
9.14]: 



Theorem 7.13 (Calderon-Zygmund). Corollary 9.10] Let Q C M" be a domain, not 
necessarily bounded, where M"' has its standard metric and let 1 < p < oo. Then there is a 
constant c{n,p) such that for all u G L2{0,,dQ,;C), 

(7.37) ||V^n||iP(f^) < c||Au||ip(Q). 

Ifp = 2, then ||V^n||i2(n) = ||An||i2(Q). 

In particular, the constant c{n,p) in inequality ( [7.37 ) is independent of fi; thus we can 



establish the dependence of C on the radii of r2(ro,ri) by perturbation from this special 
case. 



Proof of Proposition 7.1C . First observe that if n = (ui, . . . , u^) G L^{^, dVt; C^), for some 
integer r > 1, then each Uj G L'^{Q.,dVt;C^), 1 < j < r, obeys the estimate ( |7.37|) and so 
the same holds for u with V now defined by the product connection, Vr, on 17 x and 
the Levi-Civita connection on T*R" for the standard metric on O C M". 

To go from the standard metric 6^^ on R" to a metric g^^ of bounded geometry on 



we can invoke the standard argument of |35, Lemma 6.1 & Theorem 9.11] to pass from the 
metric 5^^ to a constant coefficient metric a^^ and then to the given metric g^^ to show that 
the bound ( [7.37|) continues to hold when 6^^ is replaced by g^^ . Alternatively, we can more 
simply observe that the proof of the Calderon-Zygmund inequality | p5| , Equation (9.27)] 
allows the Laplacian A^ on C°°(M"') to be defined by a Riemannian metric g^^ of bounded 
geometry, that is C^(Jl)-bounded curvature and injectivity radius bounded below by a fixed 
positive constant. (See pp. 6-7] for the first Green's identity and Q for the existence 
of the fundamental solution for the Laplacian Ag, both of which are used in |]35|] when 
gij — ^ij T\ie constant c{n,p) in inequality (|7.37| ) is then simply replaced by c{M,n,p), 
where M is an L°°(r2) bound on the Riemannian curvature of the metric g. 

Lastly, we need to replace the product connection F on Q x C with the given connection on 
the Hermitian vector bundle V\q ~ x C. Writing A = T + a, observe that, schematically, 

(7.38) V^V^n = VpVru + a Vru + (Vpa + a a) ^ u. 

The identities ( fT^ and (|7^ yield 



|Vi«llLP(n) < \Nr'^\\LP{n) + ll«llL°°(n)l|Vr'"||LP(f7) 
+ (l|Vra||L°°(c) + l|a|lioo(f7))IKIlLP(n) 

< C{\\V^Vru\\LP{n) + \\Vru\\LP{n) + ||^i||LP(n)) 

< C{\\V\VAu\\LP(n) + W^AuWiPin) + \\u\\LP{n))- 
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So, using Lemma 
(7.39) 



and rearrangement we have 
\NAu\\Lp(n) < C{\\V\VAu\\LP(n) + \\u\\Lp(n))- 



Here, C now also depends on an upper bound for ||a||L^^(r2)- 

It remains to argue that the term on the right-hand side of inequahty ( 7.39 ) 

can be omitted. We first show 



Claim 7.14. Continue the hypotheses of Proposition 7.1C. Assume = volg{^l) < oo 
and n = 4. Then for any 1 < p < oo, there is a constant C = {fC,p, M) such that 

72 , 



(7.40) 



Proof. We can assume p ^ 2 throughout the proof, as the result is immediate from inequality 
(|7!39| ) in this case. If 1 < p < 2 then Holder's inequality gives 

(7.41) < . ||n||i.(^), 

and via inequality ( 7.39| ) we are done in this case. 

Hence, assume 2 < p < oo for the remainder of the proof and note that 



(7.42) 



From the interpolation inequality [35, Equation (7.10)], we have 



(7.43) 



m\LP{n) 



< e\\u\ 



L^p{n) 



+ e 



where r] = p — 2 > and e is any positive constant. Now the Sobolev embedding theorem 
Theorem V.5.4], the interpolation inequality ( |7.28| ), and the finite- volume estimate 



(|7l|) yield 

||u||i2p(s^) < c{IC,p){\\V\u\\l2^q) + \\VAu\\L2{n) + \\u\\L2(n)) 

(7.44) < cifC,M,p){\\V\u\\L2^n) + ll^^lU^Cf^)) 

< c(/C, \n\,M,p){\\VAu\\LP{n) + IWllL^n])- 

(The dependence of c on the cone JC follows from the Sobolev embedding theorem; see 
§IV.3 &: Theorem V.5.4].) Choosing e < ^c~^ in inequality ( [^.431) , we can now combine the 
estimates (|7.43D , (flM ), and (|7.39D and use rearrangement to give the desired result when 
2 < p < oo. □ 



Our eigenvalue estimate (|7.2lD yields 

(7.45) lk||L2(n) < f^i^\N*A^Au\\L2(n), 

where //i = ^i(r2;V^V^) > A) > (for any bounded domain 0) and so, for 

2 < p < oo, inequalities ( 7.4C| ) and ( [7.42D give the desired estimate ( |7.34| ) for 2 < p < oo, 
namely 

(7.46) l|VVllLP(f7) < C\\V*A^Au\\LP{n), for 2 < p < oo. 

Note that for 2 < p < oo, inequalities (|7l^) , (|7l4|) , ([tIsI) , (|7.42D , and (|7l^ ) yield 

(7.47) lkllLp(f7) < C'l|V^VAti||Lp(Q), for 2 < p < oo. 
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We use the preceding estimate to extend the bound ( |7.46| ) to 1 < p < 2 by duahty. The 
bound ( [7.47D is equivalent to 

(7.48) \\GAu\\LP{n) < C'II'"IIlp(Q), for 2 < p < oo, 

where Ga = (V^Va)~^ is the L^-self-adjoint Dirichlet Green's operator. 
For 1 < p < 2, write 1 = 1/p + 1/p' , with 2 < p' < oo and observe that 

\\GAu\\Lp{n) = sup{{Gau,v)l2^q) : = 1} 

= sup{(n,GAu)L2(Q) : llt'llip'(f^) = 1} 

< sup{||n||ip(f^)||GAt'||ip'(Q) : ||^^|lLP'(f7) = 1} 

< \\u\\LP{n) •sup{C||7;||^p/(f^) : = 1} (by ( [^481 )) 
= C'll^llLp(n)- 



Hence, inequalities (7.48) and thus ([7.47|) also hold for 1 < p < 2 and so combining (7.47) 



with ( 7.39| ) yields the desired estimate ( [7.34| ) for 1 < p < 2. □ 



Proof of Corollary 7.11. This follows by the Bochner formula = VVVa + T^A and the 



argument at the conclusion of the proof of Proposition 7.1C| , now using our hypothesis on 



TZa via ( 7.35| ) and the eigenvalue estimate ( [7.22 ) for in place of the ones ( 7.211 ), ( 7.45 ) 



for V\Va- □ 

8. Eigenvalue estimates for PU(2)-monopole Laplacians 

We need to analyze the behavior of the small eigenvalues of the Laplacian d\ ^d]^*^ on 
I/^(X, A+(8)g£;)©L^(X, V~) as the point [A, in C(t) converges, in the Uhlenbeck topology, 
to a point ( [^o > '^'o] > x) in C{ie) x Sym^(X), where t is the spin" structure {p,W~^ ,W~ , E) 
on {X,g) and = (p, W^, W~ , Eg). Our derivation in [^] of the eigenvalue bounds for the 
Laplacian d/'^d^ ^ on 

,Qe) is closely modelled on the arguments given here for the 

Laplacian d\ .^d]{*^ on L'^{X,A+ (g) g^;) © L^(X, F"). 

Perhaps the earliest results of this type and those best known to geometric analysts are 
due to C. H. Taubes, for the anti-self-dual Laplacian d'^d'^'* [^, and our basic method 
ultimately goes back to Taubes — though not the details, which are quite different for 
PU(2) monopoles and considerably more challenging. In pO| , Lemma 4.8], Taubes describes 
the small eigenvalues of d^dj^'*, where A is an approximately anti-self-dual connection 
constructed by splicing |x| < i one-instantons onto the background product connection T. 



Analogous arguments are used by Mrowka in the proof of Theorem 6.1.0.0.4 [51| in order to 
establish his 'main eigenvalue estimate', though the eigenvalue estimates are more precise 
here in that we give both upper and lower bounds. 

More recently, there has been work of S. Cappell, R. Lee, and E. Y. Miller [^, who 
considered the effect of cut-and-paste and stretching constructions on the eigenvalues of 
a first-order, self-adjoint, elliptic operator on a closed n-manifold containing a long tube. 



This generalizes the situation of |51] somewhat, so it is of interest to summarize their main 
result at this point. To set notation, temporarily let X be a closed smooth n-manifold, 
Y G X a separating, codimension-one submanifold decomposing X as X = Xi Uy X2. Let 
D be some first-order, elliptic self-adjoint operator on X of "Atiyah-Patodi-Singer type" on 
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a neighborhood [—1, 1] x y of Y; thus (1) D = a{d/dt + D) in this neighborhood. Let X{T) 
denote the manifold obtained by replacing the neighborhood of Y by [— T, T] x Y . The 
operator D has a natural extension to X{T) using (1) to define D on the neighborhood of 
Y. Define Xi{T) = Xi U ([0, T]xY), Xi{oo) = Xi U ([0, oo) x y); note that D determines 
an operator on Xi{T) and Xi{co) using (1) again. Similarly define X2{T) and X2{co). 

The results of this 0] concern constructing eigenvectors with low eigenvalues of D on 
X{T) in terms of corresponding eigenvectors of D on Xi{T) and eigenvectors of D on 
Xi(oo). 

The main theorem of [Q] roughly states that for T large enough, the eigenvectors of D on 
X{T) whose eigenvalues lie in (_t3/2+^, t3/2+^) can be approximated by splicing together 
eigenvectors on Xi(oo) and X2{oo). (If the kernel of D is non-empty, one needs also to 
"splice in" certain extended solutions to Du = on Xj(oo).) Moreover, any eigenvalue in 
the range (_7"3/2+e^ ji3/2+e-j actually lies in the range (— exp(cT), exp(cr)) for some c > 0; 
that is, "small eigenvalues are exponentially small in T" . 

In the present article, our main application of the eigenvalue bounds of this section will 
be to deriving an estimate for the partial right inverse Pa,^,^i = d]^^{d\ ^d}^^)~^Ii\ ^ ^ for 
d\^, as given in Corollary Our estimates on L^-orthogonal projections of approximate 



eigenvectors will play an important role in [26| in our proofs of injectivity and surjectivity 



of the gluing maps and of Uhlenbeck continuity of the gluing maps. 

In the next definition we collect some of the key technical properties we shall require 
of the pairs {A,^) so we can describe the small-eigenvalue behavior of the Laplacians of 



interest in this section. While our main eigenvalue estimate. Theorem B^, is only applied 
in this paper to the case where (A, $) is a spliced pair, it is perhaps useful to try to isolate 
the minimal properties we actually need. 

Definition 8.1. Let {X,g) be a closed, oriented four-manifold with Riemannian metric g. 
Let En be a Hermitian, rank-two vector bundle over X, let (p, , W~) be a spin'^ structure 
on X, and set Vi = W ® E/,, and = ^ E^. Write ie = {p,W+ , Ei). Let 
^ > 1 be an integer and suppose {Aq, $0)X) is an L| representative on V^) of a point 
in C{ii) X Sym^(X), with k > A. Let 1^2(^05 *^*o] be the least positive eigenvalue of the 
Laplacian ^^^d^^* ^ on L'^{A~^ qeJ © L^(V^~). Suppose C and Aq < 1 are positive 
constants depending at most on g and the maximum of ||F^(j||r2 /x)^ II^oIIl^ /y), 

i'2[Ao,^o], MAo,^o]~^, dimKerd^* ,^,^, and £. 

For m = |x| and Ap € (0, Aq], 1 < p < m, define a precompact open subset Uq ^ X \ x 
and balls surrounding the points x G x by setting 

(8.1) Uo = X - U B{xp, iXh^^) and Bp = B{xp, A^ V^), l<p<m. 

p=i ^ ' 

Let E he, a, Hermitian, rank-two vector bundle over X with deti? = detEi and C2{E) = 
C2{Ei) + £. Write t = {p,W+,W-,E). Denote V = W ® E and = ® E. Let 
Kp>l denote the multiplicities of the points Xp S x, so ^1^=1 — ^- isomorphism 
E\x\x — E£\x\x- For A = maxi<p<m Ap, we say that an L| pair (j4,$) on {QE,y^), 
representing a point in C(t), is X-close to the ideal triple (^Oj^o^x) on (0_e^, V^"*") if the 
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following hold: 
(8.2) 

(8.3) 
(8.4) 
(8.5) 
(8.6) 



||(A^)-(^0,fo)|lL^,(t/o)<CAl/3, 

III^a||l2(b,) - (Svr^Kp)!/^! < 1/100, l<p<m, 

p < m, 



\F+''^\\mB,)<CX'/', l<v< 



$ = on Bp. 



Remark 8.2. Throughout this section, the constant C may be allowed to increase or the 
constant Aq may be allowed to decrease from line to line. However, their dependencies will 



remain as stated in Definition 3.1. As always, we use c to denote a constant which depends 



at most on the Riemannian metric of X, but is otherwise universal. 

We remark that if [Aa, ^a] is a sequence of points in C(t) which converges to [Aq, <I>0;x] 
in the Uhlenbeck topology |^, Definition 4.19], then, after passing to a subsequence, there 
is a sequence of L'^j^-^^ ioc(-^ \ bundle isomorphisms Ua '■ E\x\^ — > Ef \x\v and a constant 



ao such that for all a > ao{X), the pairs Ua{Aa,^c 



\X\x ^£\X\x 

obey the condition {K^. If [Aa,^c 



is a sequence of PU(2) monopoles, then the proof of Theorem 4.20 in p£ 
pairs Ua{Aa, $c 



implies that the 



J), (b 



and 



also obey conditions 

Proposition |5.5| (and its proof) ensures that conditions ( ^.3| ) and ( |8.4| ) are obeyed by 
the approximate, extended PU(2) monopoles produced by splicing in §0. The condition 
(|8.5|) is also obeyed by such pairs, as one can easily see by definition ( p. 191) . Though we 
require $ = on each ball Bp in condition (|8.6|), this is really only used at one point 



in the argument, namely in the proof of Lemma 8.16| via the definition ( ^.32 ) of certain 
approximate eigenvectors. Condition (8^) is trivially obeyed since, for a slightly different 

1/3 1/3 

choice of C/q (with balls i?(xp,4Ap ) replaced by B{xp,8Xp ), we have (A,^) = {Ao,^q) 
on Uq. 



Theorem 8.3. Continue the notation of Definition 8.1. Suppose X G (0, Aq] and let (j4,$) 



he an L| pair on (0_e,V^) which is X-close to the ideal pair {Aq,^q,:x). Assume that the 
kernel of d\^ <i>o'^Ao *o dimension n and let N = n + 21. Let ^']}i>i denote the 

eigenvalues of the Laplacian d\ $d^*<j, on L^(A^ 
multiplicity and in ascending order. Then 



qe)® L {V ), repeated according to their 



'C(-logA)-3/2, 

^K + C{- log X)-^/\ 
fii[A,<^>]>K-Ci-logX)-'/\ 



where 



K = min{z^2[^o,^o],i^2[^i 



i// = l,...,iV, 

ifl = N + 1, 

if I > iV + 1, 



Corollary 8.4. Let{X,g) be a closed, oriented, Riemannian four-manifold. Suppose [Aa,^a] 
is a sequence of points in C(t) which converges, in the Uhlenbeck topology, to a point 
[Aq,^o,x] € C{te) X Sym^(X) and suppose the kernel of d\^^^d^*^^ has dimension n. 
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Then the first n + 21 eigenvalues (counted with multiplicity) of ^^^aI converge to 
zero, while the {n + 2l+ l)-st eigenvalue of ^a^^A $ converges to K, the minimum of 
the least positive eigenvalues of d\^ <i>o^Ao *o ^'^'^ ^Av^9v^*Ap gp> ^ < P < m. 

The proof of Theorem takes up the remainder of this section. Since the argument is 
fairly lengthy, it seems useful to outline the basic strategy. It is helpful to view of the proof 
as a linearized version of the proof of the gluing theorem for PU(2) monopoles: 

• We establish upper bounds for the first N +m+l eigenvalues of d\ by construct- 
ing a set of approximately L^-orthonormal, N + m + 1 approximate eigenvectors via 
cutting off the first n+1 eigenvectors for $o^Ao *o ^"^^ 2Kp + l eigenvectors 
for each of the Dirac Laplacians DAp,gpD\^ 1 < p < m. The error between the ap- 
proximate eigenvectors and their L^-orthogonal projections onto the small-eigenvalue 
eigenspace can also be estimated. This is the content of § |8.2| . 

• In the reverse direction, we construct an approximately L^-orthonormal basis for 
Ker((i^* © ©^^^D^^^^) by cutting off the eigenvectors corresponding to the first 

eigenvalues of d\^d^^\. Again, we estimate the error between the approximate 
eigenvectors and their L^-orthogonal projections onto the kernel. We use the resulting 
kernel basis to compute a lower bound for the {N + l)-st eigenvalue of d\ This 



is the content of and §3.4 



8.1. Technical preliminaries. In this subsection we collect some preparatory results con- 
cerning estimates for eigenvectors, eigenvalue bounds, and decay estimates before proceeding 



to the different stages of the proof of Theorem 3.3 



8.1.1. Induced metrics over the four-sphere. The background metric g on X induces, by 
cutting off near the points Xp G X, metrics on S"^ and which are close to standard. We 
record here the precise cut-and-paste scheme, together with estimates of their deviation 
from the standard metrics. (See, for example [19, Definition 3.11 & Lemma 3.12].) 



Define a cutoff function Pp on X so that /?p = 1 on B{xp, jA^^) and /5p = on X — 

B{xp, ^A^^). We define families of almost flat metrics 6p on = {TX)^^, depending on 
the metric g on X, gluing site Xp, and scale Xp, by setting 

^ (PpS + (1 - Pp) expl g on B{0, Xl^'/A), 

[S on{TX)^^-B{Q,Xy^/2), 

where j3p is given by definition ( ^.17 ). Here, 5 is simply the Euclidean metric on {TX)^^ 
defined by the metric g on TX, noting that (exp^^ 5)(0) = S. We then obtain a family of 
conformally equivalent metrics gp on 5*^ = {TX)xp U {oo} and rescaled metrics gp which are 
close to the standard metric go by setting 

4 

{l + \x\ 
4 

h*gp{x) = 5p{Xpx), X G 



h*gp{x) = TmZi\2^P^^)^ ^ ^ 



{i + \x\y 
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where /i : ^ S"^ — {s} is inverse to stereographic projection. The definition of geodesic, 
normal (or 'Gaussian') coordinates imphes that on a smah bah around the points Xp € X, 
the metric 6p is C^-close to g and that the difference between g and 6p is C^-bounded, 
uniformly with respect to the ball radius Chapter 1], |5^, Equations (8.8)-(8.12)]. If we 
only use normal, rather than geodesic normal coordinates, then the metric 6p is only 
close to g. 

Lemma 8.5. Continue the above notation. Then gp converges to go in C°°{S^ \ s) as \p 
converges to zero. 

8.1.2. Induced connections over the four-sphere. Similarly, connections over X induce con- 
nections on S'^: we shall need estimates for the self-dual component of the curvatures of 
these connections and the second Chern classes of the associated Hermitian vector bundles. 

Fix an index p S {1, . . . , m}, let g be the injectivity radius of {X, g), and fix a constant 
^ £ (0^3^')• Choose an orthogonal frame for QEi\xp and use parallel translation via the 
connection Aq along radial geodesies from Xp £ X to trivialize over the ball B{xp,g), 
so that QEi\B{xp,e) ~^ B{xp,g) x su(2) is the resulting smooth bundle map. Let F denote 
the product connection on B{xp,g) x su(2). We have H-^Aq ^ C, for some positive 
constant C, and so ||-^Ao IIl2(_b(xp,5)) ^ C6^. Thus, we may suppose that S is fixed small 
enough that Theorem |4.11 provides an SU(2) gauge transformation of B{xp,6) x su(2) so 
that oo = Aq\b(xp,5) ~ r (after relabeling) obeys 

\\ao\\Li{B{xp,5)) + l|Vrao||L2{B(xp,<5)) < c\\Fao\\l'^B{xp,25))- 

Our hypothesis (Definition |8.1| ) fixed an isomorphism -E|x\x — -^^lx\x and so the 
trivialization 5Ee\B{xp,g) — B{xp,g) x su(2) induces an isomorphism Qe\x\x — {B{xp,5) \ 
{xp}) X su(2). With respect to this trivialization, write A = T + ap over B{xp,6) \ {xp}, 
where Up G Q^{B{xp, 5)\{xp},su{2)). Let Qp = Q{xp; \X^^^, ^A^/^) denote the open annulus 
B{xp, _ ^(^^^ i;yi/3j X and let Bp = B{xp, ^X^^^). Then, for any A G (0, Aq), the 

condition ( |8.2D implies that A obeys 

hp - «o||L4(f^^) + ||VAo(ap - «o)||l2(Cj,) < CA^/^. 
Since ||F4o ||j;^oo(x) < C, we have 

(8.10) Waoh^Bp) + INraoh^iBp) < C\^'\ 
and therefore 

(8.11) \W\\L\np) + l|Vrap||L2(c,) < CA^/^. 

Let I3p be the cutoff function of j j8.1.1 and let gp be the Riemannian metric on 5^ which 
coincides with g on Bp (after identifying the point Xp £ X with the north pole n G S^) 

and extends gp outside S(xp,Ap^^) = i?(n, Ap''^) to give a smooth metric on S^. Define an 
SO (3) bundle over 5^ by setting 



) Qe over Bp, 

xsu(2) over54\{n}, 

where the identification of the S0(3) bundles qe and \ {n} x su(2) over the annulus 
Bp \ {xp} is induced from the S0(3) bundle isomorphism 0_E|sp\{n} — Bp \ {n} x su(2) 
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A.p 



described in the preceding paragraphs. We cut off the connection yl on g^; over the annulus 
dp and thus obtain an L| connection Ap on the SO (3) bundle over S"^ by setting 

\A on 0£;|^^^ 1^1/3), 

[r + ppUp on 5^ \ {n} X su(2). 
Our hypothesis ( |8.4| ) on the pair {A, imphes that A obeys 

(8.12) ||F+||i.(5^)<CAy3. 
Since 

F+ = (3pF+ + {d(5p A ap)+ + (3p{(5p - l){ap A ap)+, 

we see that 

II^X"^'(^') - ll-^Alli2(Bp) +\/2||d^p||^4(x)||ap||L4(f^^) +\/2||ap|||4(f^^). 
and therefore the estimates ( |8.10| ), ( ^.llD , and (|8.12D imply that 

(8.13) 11^2(54) <CAi/3. 
Similarly, as 

= f3pFA + dPp A Op + f3p{(3p - l)ap A ap, 

we see that 

\\Fap - FA\\L2{nj,) < ||Vrap||L2(Qp) + cWupW^i^Q^) + WapW^:^^^), 
and therefore, the estimates (|8.1[l|) and (|8.1lD yield 

(8.14) \\FA,-FA\\L^n,)<CX'J\ 

Since by ||-F^||^2(5 ) = Svr^Kp by condition (p^), while Ap = A on Bp — Qp and Ap = T 
on — Bp, we see that the error estimate ( p.l4 ) and the Chern-Weil formula imply that 
— \pi{FP) = Kp. In particular, we can choose a Hermitian vector bundle over with 

(8.15) QEP = FP and det^^ = x C, 
and C2{EP) = Kp. 

8.1.3. Estimates for small-eigenvalue eigenvectors of theV\]{2)-monopole Laplacian. Recall 
from [p9| , Equation (2.36)] that the first-order operator 

: iLi(A+ ® 5e) © Ll^i{V~) ^ l2(A+ qe) © LI{V+) 
is the formal adjoint of d\ ^ and is given by 
(8 16^ ,1,* (v\ _ ( d\v + [p{-)^ri^ 

^^^^^ U; " \DX,i^ (•)* + (•) ® ^*)io{rp-^rv 

The application of cut and paste techniques to the problem of estimating eigenvalues and 
eigenvectors is simplest when we have n estimates for eigenvectors of the Laplacian 

d\^ $o^Ao *o' ^'^^^ possible since the pair [Aq, <^o] varies in a family with strong Sobolev- 
norm bounds on the curvature Faq and the spinor ^q. By retracing the proof of Lemma 5.9 
in H^], we can obtain an estimate with the mildest possible bounds on {Faq, ^o) — though 
such optimality is not strictly necessary. That some estimate should exist, with constant a 
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polynomial in II-F40 Whf ^ [X) ||$o|Il2^^ ^ (x)i ^ consequence of standard elliptic theory 
and Uhlenbeck's local Coulomb-gauge fixing theorem |67]. Then, by reworking the proof of 
1 20, Lemma 6.7], we easily obtain: 

Lemma 8.6. Let X he a C°° , closed, oriented, Riemannian four-manifold. Then there is 
a constant c with the following significance. Let (^,$) be an L\ pair on [qeiV) over X. 
Let (r?, -0) G L^X, A+ ® qe) © I-'\{X^V~) he an eigenvector of d\^d^J^^ with eigenvalue 
^J,[A,^. Then 

II(^,^)IIl-(x) + \\{v,i^)\\Ll^{x) < C[A,^\\rj\\L2^x), 
where C[A,^ := C{[A,^], fi[A,^]) with ^ = ^[A,^] in 

C{[A, CD], ^) := c(l + WFAhooix) + II$I|l-^)'(1 + /")(! + 

More generally, if {rj, t/j) lies in the span of the eigenvectors of d\ ^d]^*^ with eigenvalues 
less than or equal to a positive constant fi, then 

\\{r],mL^{x) + lUniLlJX) < Ci[A,^,^I)\\{r^,^P)U2^x). 

We shall also need uniform L^^(X) estimates for rj and Lf ^{U) estimates for ip, when 
(77, tp) is an eigenvector of d\ and J7 d X \ x, but in the more difficult case where we 

cannot assume ^'] varies in a family for which ||Fa||^2 ^^x) is uniformly bounded when 
/ > 0. 

Lemma 8.7. Let X he a C°° , closed, oriented, Riemannian four-manifold. Then there is 
a positive constant c with the following significance. Suppose [A, <I>] obeys the conditions of 
Definition \8. 1\ . Let {rj,^) G L\_^{X,K.'^ ® Qe) © be an eigenvector of d\^d^^^ 

with eigenvalue ^[A,^]. Then 

(8.17) Wvhl^ix) + Uhl^iu) < C[A,mv,n\LHx), 

1/3 

U = X — U^^iB{xp,CpXp ), where the Cp are universal positive constants, C{[A,^], ^) is 
a polynomial in where /x = /i[A,$], \\Fa\\l2(x), II^Aq IIl2_^ ^^(x); "-^d ||$oIIl2_^ ^^(x)- 

More generally, if (ry, tp) lies in the span of the eigenvectors of d\ <jd^*^ with eigenvalues 
less than or equal to a positive constant fi, then 

(8.18) Wvhl^ix) + M\lI^{U) < C{[A,<^],fs)\\{ri,i;)h2(^xy 

Proof. For convenience, write (a, (/>) = d]l*^{r],'tp). First consider the L^^(X) estimate for 
the component r]. Since a = d^'*r] + (.<!>)*'(/' from equation ( 8.16 ), Lemma implies that 

||??||z,2^^ < CiWdYvh^ + WvWl^) (by LemmaU) 

< C(||a||i2 + ||#||l^||V||l2 + Ml^) (by Equation (|8l6D ) 

<C{\\dX^{v,n\L^ + \\{v,n\L^) 
<C\\{rj,i;)h2, 



where we use ||d^*,|,(??, "0)1^2 = v/4A^II(^) V')IIl2 to obtain the last line above. 
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Second, we consider the L^^([/) estimate for the component ip. From the proof of 
Theorem 9^ we have the estimates ( |9.29D and ( p. 31 ), 

\Ll^iU)<C{\\DAnL^ + MLl^ + \mL^), 

<C7(||dU(a,</>)||i2 + ||(a,0)||j 



(Note that as we only seek an estimate for ip on the subset f7 d X \x, we do not necessarily 

1/3 

require that <l> = on the balls B{xp, CpXp ), as we do in the proof of Theorem 3.2, where 
estimates for solutions to the linearized, extended PU(2)-monopole equations are needed 
over all of X.) Combining the preceding two estimates, noting that d\ ^d}^\{r] , tf^) = 
n[A, • (r/, -0), and applying our Lf y^{X) estimate for -q gives 

uhi^iu) < c{\\dX^dX^{r^,n\L^ + \\d]i%{v,n\L^ + luniL^) 

= C||(r?,V)||L2. 

This completes the proof. □ 

8.1.4. A positive lower bound for the first eigenvalue of the anti-self-dual Laplacian on the 
four-sphere. We shall need a lower bound for the least positive eigenvalue of the Laplacian 
'^a'^a * °^ L'^{S'^, A"*" ® 0^;). If A is an anti-self-dual connection with respect to the standard 
round metric of radius one on 5^ (and thus scalar curvature 12), then the Bochner formula 
( |6.2| ) for d\d~^'* gives 

44'* = k^*A^A + 2. 

More generally, the method of proof of Lemma g.l2 yields the following estimate for the 
least eigenvalue of d^d^'* on S^. 

Lemma 8.8. Let Ki be the norm of the Sobolev embedding Lf{S^) L^{S'^). Then for 
all < e < Ki/WO the following holds. Let S"^ have a metric g' which is L'2-close to the 
standard round metric g of radius one, so \\g' — gWi^^s'^ < e/100. Let E be a Hermitian, 
rank-two vector bundle over S'^ with C2{E) > and orthogonal connection A on qe- If 
||F^||^2(54) < e/WOKi then Kerd^'* = {0} and the least positive eigenvalue of d\d^'* 
obeys the lower bound 

Mi(5^d+4'*) > 2-e. 

Proof. First suppose g' = g. The equality in the assertion of the lemma follows from the 
fact that the scalar curvature of the round metric on the n-sphere of radius 1 (and thus 
constant sectional curvature 1) is equal to n(n — 1) by pp. 37 & 60] and so the Bochner 
formula ( |6.2| ) for the Laplacian gives 

d\d+'* = ^^V\Va + 2 + ^{F+,.}, 
Hence, integrating by parts and applying Holder's inequality, we see that 

Wd^vWh > iW'^AvWh + 2\\v\\l2 - l\\F+h2\\v\\l,. 
By Lemma 6.1 we have 11x^11^4 < i^i||u||j;^2 ^, where Ki is a universal constant, so 

WdYvWh > i(l - K^\\F+\\L2)\\VAv\\l2 + (2 - ^K,\\F+\\l2)\\v\\1, 
>{2-'^K^)\\F+\\L2)\\v\\l„ 
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where the factor in the last inequahty is positive if we choose e < 'i/Ki. This leads to a 
lower bound for the first eigenvalue /ii(S'^; dj^d^'*), 

^iiS';d\dY') = „ inf {d+d^'*v,v)L2 > 2 - ^Ki\\F^h2 > 0, 

and Kerd^'* = {0}, as desired. The argument is very similar if the metric on is only L|- 
close to the standard metric, with a slightly smaller choice of e, as the Riemann curvature 
tensor of the Levi-Civita connection for g' is given by Rm^,/ = Rm^ + Rm^,/ — Rm^ with 
||Rmg/ — Rmg||j;^2(-54 < e/WOKi. □ 

8.1.5. Small eigenvalues of the Dirac Laplacian. We shall also need estimates for the small 
eigenvalues of the Dirac Laplacian DaD'^ on L'^{X,V~). As the spectra of DaD'^ and 
D\Da coincide on the complements of their kernels, it suffices to consider the small (but 
non-zero) eigenvalues of D*^Da — for which we have a useful Bochner formula ( |6.3| ) involving 
only the component F^^ of Fa — rather than DaF)\, whose Bochner formula ([6.4]) involves 



the component of Fa- For this case, the proof of Theorem 6.1 in |2C], which gives 
estimates for the small eigenvalues of d\d'^* on L^_^(X, A+ ® qe), yields 

Theorem 8.9. Let M he a positive constant and let {X, g) he a closed, oriented, Riemann- 
ian four-manifold. Then there are positive constants c = c{g), C = C{g,M), and small 
enough Aq = Ao(C) such that for all A € (0, Aq], the following holds. Let E, Ei he Her- 
mitian, rank-two vector hundles over X with detE = detEi, C2{E) = C2{E() + i, for some 
integer i > 0, and suppose C2{E) < M . Suppose x G Sym^(X) and define a precompact open 
suhset of X \ x hy setting U := X — {Jx(=xB{x,A\/^) . Let A be a connection representing a 
point in the open suhset of Be{X) defined hy the following constraints: 

• \\A — Ao||l2([/) < c\/A and \\A — Aq\\i2 ^ ^-^^ < M , (noting that i?|x\x — ^£|x\xj- 

Let z/2[Ao] he the least positive eigenvalue of the Laplacian D'^^Daq on L'^{X,V^) and 
suppose max{i/2[^o]) ^2[^o]~^} ^ M. Assume that the kernel of W^^Daq has dimension 
less than or equal to M . Let {/i^[A]}j>i denote the positive eigenvalues, repeated according 
to their multiplicity, of the Laplacian D\Da on L'^[X,V^). Then 



dime Ker Da < dime Ker Daq , 



and, furthermore, 



+ r^i ^ I C'A, ifl<i< dime Ker Daq , 

^.19) M - l^^j^^j ^ . ^ dime Ker Z)ao + 1, 

IJ't [M > ^1 \M - C^f\, if i > dime Ker Dao + 1- 



Corollary 8.10. Continue the hypotheses and notation of Theorem \8.^ . Let {//■ [A]}j>i 
denote the positive eigenvalues, repeated according to their multiplicity, of the Laplacian 
DaD\ onL^{X,V-). Then, 

dime Ker < dime Ker D^^ + £, 
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where i = C2{E) — C2{Ei) > and, furthermore, 



CX, if ^ < i < dime Ker Daq , 

U2 [Aq] + C\fX, if i = dime Ker Daq + 1, 

[A] > V2 [Aq] - C Va, if i > dime Ker Dao + 1- 



Proof. We have the bound on dime Ker D'^ because dime Ker Z)^ = dime Ker D^i— Indexe Da 
and as, due to excision §7.1] and Lemma g.l2| , we have Indexe Da = Indexc Daq 



By the remarks preceding the coroUary, we have ^- [A] = ^^[^4] for all i > 1, since these 
eigenvalues are positive, so the result follows from Theorem |8.9| . □ 

Remark 8.11. The small-eigenvalue estimates in Theorem and Corollary |8.9| are re- 



quired by the proof of Theorem 9.2. We need the spectral splitting in order to apply 



Theorem 1.1 in |1^ and estimate negative spinors on X. 

8.1.6. A lower bound for the first positive eigenvalue of the Dirac Laplacian on the four- 
sphere. We recall from the proof of Proposition 2.28 in ||2^ that the complex index of 
the Dirac operator Da '■ T{S~^ i?) — > T{S~ ® E), where {p, 5+, S^) is the standard spin 
structure on 5^ and S is a Hermitian, rank-two vector bundle with C2{E) = I = —\pi{qe) ^ 
0, is given by 

(8.20) Indexe = \ {pi{qe) + {ci{W+) + ci{E)f - a{S^)) = -I. 

Hence, assuming KerZ)^ = {0}, we have dimRKerD^ = 2/; the vanishing condition is 
guaranteed by the following lemma. 

Lemma 8.12. Let Ki be the norm of the Soholev embedding L\{S^) L^{S^). Then for 
all < e < i^i/100 the following holds. Let have a metric g' which is L'^-close to 
the standard metric g, so \\g' — g\\Ll{s'^ g) < e/100. Let (p, , S^) be the standard spin 
structure on []56| , §6.4] and let E be a Hermitian, rank-two vector bundle over with 
C2{E) > and orthogonal connection A on qe- Let A^, A^ denote the unitary connections 
on the (trivial) lines bundles detS^, detii^. If 

WFaWlHs^) + ||F1J|l2(54) + \\F+J\l2^s^) < e/WOKi, 

then KerL*^ = {0}, KerD^ has real dimension 2c2{E), and the least positive eigenvalues 
of D\Da and DaD\ obey the lower bound 

Iii{S^-DaD*a) = iii{S^-D\DA)>^-e. 

Proof. The equality in the assertion of the lemma follows from the fact that aside from zero 
eigenvalues, the spectra of the Laplacians DaD\ and D\Da coincide |3^, Lemma 1.6.5]. 
Thus we need only consider the least positive eigenvalue of D\Da. For clarity of exposition, 
assume first that g' = g and that = F~^^ = 0. 

The scalar curvature of the round metric on the n-sphere S"" of radius 1 (and thus constant 
sectional curvature 1) is equal to n(n — 1) by pp. 37 & 60] and so the Bochner formula 



for the Laplacian D*j^Da [29, Lemma 4.1(a)] gives 

D\Da = V\Va + ^ + p{FX), 
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where A is viewed as a unitary connection on E (rather than an orthogonal connection on 
qe)- Hence, integrating by parts and applying Holder's inequality, we see that 

By Lemma |6.1| we have ||(/'||l4 < i^i||(/)||j;^2 ^, where Ki is a universal constant, so 

WDAHh > (1 - Ki\\F^\\L2)\\VAm2 + (3 - K,\\F^\\L2)\\m, 
>i3-K^\\FiU.ml,, 

where the last inequality follows if we choose e < 1/Ki. This leads to a lower bound for 
the first eigenvalue iJ:i{S^; D'^Da), 

f,,{S'';D\DA) = „ inf {D^Dac/), (t>)L2 > 3 - i^i ||F+ 11^2 > 0, 

\m\L2='^ 

and Ker Da = {0}, as desired. The argument is very similar if the metric on 5^ is only 

L|-close to the standard metric or if F^ ^ 0, F\ ^ 0, with a slightly smaller choice of 
e. d e ^ 

8.1.7. Pointwise decay estimates for harmonic spinors on the four-sphere. It will also be 
useful to estimate the effect of cutting off harmonic spinors on the complement of small 
balls around the north pole where the curvature of the connection Ap is concentrated. 

Lemma 8.13. Let K2 > 1 be a constant. Then there are constants e(-f^2) > and, if 
M > is constant, a constant c{K2,M) with the following significance. Let S"^ have a 
metric g equivalent to the standard round metric of radius one gi, so K2^gi < 5 < ^291- 
Let /i : M'^ = 5^ \ {«} he inverse stereographic projection, and let i?(ro) denote the ball 
{x G : r < tq}, where r = \x\. Let A be an unitary connection on a Hermitian bundle 
E over S'^, let {p, , S~) be the standard spin structure over S^, and let V = ® V~ 
with = E. Suppose A obeys 

\Wa\\l°^ (S'^-h{B{l)),g) < ^ (^'^d \\FA\\L-2{^s'^^h(B{ro)),g) < £■ 

Let DA,g '. ^{S^, V) — > r(S'^, V) be the corresponding Dirac operator. Suppose ip G L'^{S'^, V) 
obeys DA,gil^ = 0. Then for all x G — i?(2ro) we have 

(8.21) \h*i^\{x) < ce3/Vo(l + r-')\mLHs^-hiBiro)),gy 
Furthermore, i/2ro < r2 < 00, 

(8.22) ||V'llL2{S4-MB(r2)),9) < < ,/2^ -2|| , II if r > ^ 

[ce / rorg \\lp\\L2{S*-hiB(ro)),g) ¥?^2>1. 

Proof. We may suppose without loss that g is the standard round metric of radius one, so 
{h*g)x = f'^\dx\'^, where /(x) = 2/(1 + |xp), x G IR^, and 6x = \dx\'^ is the standard metric 
on R^. Let tp = /^/^ . ^nd recall that Da,s = /"^^^ o ^A,g o /^^^ H, Remark 4.8], ||, 
Theorem II. 5. 4], and so DA,5tp = 0. Theorem 1.1 in |jl^ (with ri = 00) implies that for all 
X G — B{2ro), we have 

(8.23) l^l(x) < ce3/Vor-3||V;||i2(K4_B(,„),5). 

Our first task is to show that \\iij\\L\R^-B{ro),S) is bounded by c||V'||i2(54_;,(B(^Q))_g). 
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For y G = S"* \ {n} (say), we recall that \d/dr\i = 1, while \d/dr\g = 2(1 + r^)"^. 
Thus, 

r\y\ 

distg(/i(y),s) = / 2(1 = arctan(|y|) < 2|y|. 
Jo 

Suppose ri > 4ro, but fixed, and consider the region — B{ri). Observe that, as dVg = 
Vdet g d^x = f'^d'^x and, when > 1 and setting y = x~^ (identifying with the 
quaternions), we have f{x)~^ = ^(1 + |xp) < |xp = < ;j distg(/i(y), s)~^, so 

2 _ ( l^*„;,|2 ^3 



'-"-Bin) 



\h*^p\'^f-^^/detgd^x 

-B(ri/2) 

< sup / c distg{-, p)~'^ lipl"^ dVg 

pe54 J S^~h{B{r-i)) 
= \\'^\\\n{S'^-h{B{ri)),g)- 

Hence, the embedding L\ C L^" [16, Lemma 4.1] implies that 

„ .X l|V'llL2(R4_B(r.i),5) < c||V'||L2ti(54_;,(B(r^))^g) 

(8.24) 



< c||V'||L2^^(S4-fc(B(ri/2)),9)- 

On 5^ — h{B{ri)), where ||-Fyi||L°°{s4-/i(B{ri)),g) < by hypothesis, we have the uniform 
elliptic estimate 

(8-25) U\\Ll^iS^-hiB{r^/2)),g) < c(ri) || V'||L2{S4-/.(B{ri/4)),g) , 

via the Bochner formula for D^^, because DA,gtp = on S^. Combining the estimates 
(|]2|) and (|]2|) gives 

(8-26) \\i'\\LHR'^-B{n),5) < ciri)U\\L2(S'i-h{B{n/4)),g)- 

Now consider the region Q{rQ,ri). The harmonic spinor ip on S"^ obeys, for universal and 
fixed ri < 1 (without loss), and all r £ [ro,ri], the estimate 

\iP\{x) = f{xf/^\h*i;\{x) < (2/(l+r?))3/2|/i*^|(x) < 2V2\h*i^\{x). 

In particular, using dVg = d^x, we have 

2 _ /" I J,|2 j4 



n{ro,ri) 



C(ro,ri) 
Q{ro,ri) 



(l + r2)|/i>|2ciy^ 

Sl(ro,ri) 
2 



< "■'^'lL2(?t(C{ro,ri)),g)' 
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and thus, for all < rg < ri < 1, 

(8-27) IIV'llL2(n(ro,ri),5) < W'^Wl^ {h{n{ro,ri)),g) ■ 



Combining our L (M , 6) estimate ( ^.26 ) for ip over M — B{ri) and our estimate (8.27) over 
i7(ro, ri) yields 

(8-28) IIV'llL2(IR4_B(ro),5) < c||V'||L2(54_ft(B(ry))_g). 

Hence, on S*^, using h*ijj = /"^^^ • -0 and r = |x| G [2ro,oo) and our decay estimate (8.23) 
for ijj onM.^ — i3(2ro), we obtain a decay estimate for ■!/; on 5"^ — h[B{2rQ)), 

|/i>|(x) < ce3/Vor-3/-3/2||V>||i2(s4_;,(B(,„)),,) 



This yields the pointwise bound (8.21). 

Hence, for all r2 > 2ro and setting E = [s'^-h{B{ro)),g) convenience, we have 



/•oo 
J r2 

/•oo 

= c£^r'^E'^ r-^{l+r'^y^dr 

Jr2 

= CE^rlE'^ (r^2 - log(l + r^'^)) . 
The result (|]2|) follows. □ 

We note that the proof of the preceding lemma is much simpler in the case of harmonic 
spinors over M^: 

Lemma 8.14. There is a constant e > and, if M > 0, a constant c{M) with the following 
significance. Let have an asymptotically fiat metric g (in the sense, for example, of jisl , 
Equation (1.9)]/ Let h : = \ {s} be inverse stereographic projection, and let B{rQ) 
denote the hall {x G : r < ro}, where r = \x\. Let A he an L| unitary connection on a 
Hermitian hundle E over and denote its puUback to via h also hy A. Let {p, , S^) 
be the standard spin structure overW^, and let V = V+ eV~ with = S^^h*E. Suppose 
A obeys 

\\FA\\L°-(R't-B{l)) < M and ||FA||L2{R4-B(ro)) < ^■ 

Let DA,g '■ r(M^, V) r(M^, V) he the corresponding Dirac operator. Suppose £ L'^(U.'^, V) 
obeys DA,gip = 0. Then for all x G — B{2rQ) we have 

(8.29) iVl(x) < ce^/^ror-^i^\\L2^R^_^Biro)),g)- 

Furthermore, i/2ro < ?'2 < oo, 

(8-30) IIV'llL2(M4_B(r2)) < C£^^'^ror^^\\'ll;\\L2^si_h(B{ro)),g)- 
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Proof. Inequality 
that, setting E = 



2^1 ) follows from Theorem 1.1 in [18|. For the second estimate, observe 
L'2{R'i-B{ro)) convenience, we have 



L2(R4_B{r2)) 



|2 j4 



i-B(r2) 



-6^3 



ce^r'^r^'^E'^. 



The result ( |83o| ) follows. □ 

8.2. An upper bound for the small eigenvalues. We turn to the proof of the assertions 
of Theorem B.S concerning the upper bound for the small eigenvalues. 

1/3 

We define a cut-off function xo on X which is equal to zero on the balls B{xp,4Xp ), 
and setting xo = 1 on X — U^^iB{xp, SLpXp ) (see Lemma 5.4 for its definition). We recall 
that ||c^Xo||l4(x) ^ c(logL)^^/^, where L = ma.xi<p^m Lp and so, if we set Lp = A, 



^1/6 



for 



1 < p < m we have ||dxo||L4(x) — c(— log A) with A G (0, Recall from Definition 8.1 
that 

m 

Uo:=X- \J BixpAXl^^), 
p=i 

so f/o (s X \ X and Uq is the interior of suppxo- 

Similarly, define cut-off functions Xp^ 1 < p < on X which are equal to 1 on the balls 
B{xp, ^Lp^Xp^^) and equal to zero on the complement of the balls B{xp, \Xp^^). As before, 



MXpIIl4(x) < c(logi) and so, if Lp 



a; 



-1/6 



we have ||dXpllL4(x) ^ c(— logA) with 



AG(0,i]. 

For the remainder of this section, we assume for simplicity that xo is defined as in the 
preceding paragraph and observe that supp xo ^ Our main task in this subsection 
is to find an upper bound for the first -|- m + 1 eigenvalues of d\ 

Proposition 8.15. Continue the hypotheses and notation of Theorem |g. j| . Let U2[Aq,^q] 
be the least positive eigenvalue o/d^^^^d^*^^ and let <I>] < ••• < /XAr+m+i <1>] be 

the first A + m -|- 1 eigenvalues of d\ $<i^*$- Then there are positive constants C and Aq 
(see Remark 8.i) such that for all X G (0, Aq], the following holds: 

'c(-logA)-3/2, ^// = 1,...,A, 

A + C(-logA)-3/4^ i// = A + l, 



.311 



where K = min{z>2[^0) ^o]; ^2[^i]) • • • > ^2[^m]} o.'nd i^[A^ is the least positive eigenvalue of 
the Dirac Laplacian DAj,,gpD\^ on L^(5'^,l^~), with Ap and gp the induced connection 
and Riemannian metric from A and g over X near the point p G X . 

Before we begin the proof proper, let {{^i,(pi)}i'=i C L^(A, A+ (g) g^;^ © L^(A, V^^) be 
an L^-orthonormal basis for Kerd^*^^ and let {^n+i, ^n+i) G O^^^^a^o^o^^ 
unit eigenvector corresponding to the least positive eigenvalue t'2[^0)^o] of ^^3io *o^^o *o' 
Let {^pi} C L^{S^ jV') be an L^-orthonormal basis for KerZ)^^^^, for 1 < p < m and 
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1 < i < 2Kp; let V9p,2Kp+i G (Ker Z)^^ be L unit eigenvectors corresponding to the least 
positive eigenvalue f2[^p] of DAp,gpD\^ g^, I < p < m. (We know from equation ( 8.15| ) that 
C2{E^) = Kp and from Lemma 8.12] that dimjaKerl?^^ = 2Kp.) We begin by constructing 

a set of approximate eigenvectors, {{Cpi^ ^pi)}^ ^or the first N+m+l eigenvalues of d\ ^d^*^- 
The most natural choice is given by 



(8.32) 



(^Oi' f'oi) '■= (Xo^i, Xo^i), 1 < i < n + 1, 

i^'pi' ^'pi") •= Xp'Ppi), I < p < m and I < i < 2Kp + I, 



recalling that Yl^=i i^p = hypothesis. 

When p 7^ one can see from equation ( 8.16| ) for d^*^ that this choice yields 



^.33) 



dA^Ki^'f'pi) = Xp{{-^T'fpi.D\^,g^Vpi) + {0, p{dXp)y^pi) 
= (0> XpD*Ap,gp'Ppi) + (0, p{dXp)'Ppi) on Bp, 



since the condition ( ^.6| ) on ^ and Bp implies that $ = on suppXp. 
We can now proceed with the proof of Proposition 8.15. 



Lemma 8.16. Continue the above notation. Then there are positive constants C and Aq 
such that for all A G (0, Aq], the following hold: 



l.M) 
^.35) 



< 



CAi/3, ifl<i<n, 
yz/2[^o,$o]+CAi/3, ifi = n + l, 

-3/4 



II ,1,* / x|| ^ C(-logA)-^/^ i/l < i < 2Kp, 

l|d^,*(ep.,V^pJllL2(X) < |y^ + c7(-logA)-3/^ ^/^ = 2^, + l. 



Proof. To verify the first assertion in Lemma g.l6 , note that (■^oi'V^oi) = Xo{^i,fi) and so 
for 1 < i < n + 1 (schematically) , 



^A*<i.(C' V'oi) = Xodji%iCi, ^i) + dxo ^ id, ^i) 
(8.36) ' ^ 



For 1 < p < m and 1 < i < 2^^ + 1, equation (8.33) yields the corresponding expressions 
for d^*$(Cpi,(/7pi). Now 



.37) 
.38) 



II^Ap,5pV'pi|lL2(54) 



0, if 1 < i < n, 

yu2[Ao,^o]\\{d,Lpi)\\L2i^x), ifi = n + l. 

0, ifl<i<2Kp, 
y'^2[Ap]\\(ppi\\L2^s^), ifi = 2Kp + l. 
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By Lemma |5^ (yielding ||dxo||L2 ^ cX^^^), Lemma 8^, and equation ( 8.36| ), we have for 
p = and 1 < i < n + 1 , 

\\dA%i^0i^y^0i)\\L2 

< (IMxoIIl^ + \\xo{A - Ao,<^> - <l>o)\\L^)\m,¥^i)\\L^ 
,1,* 



+ ll'^Ao%o(^^' Equation ( p^ )) 

< cX'^^m^,^^)\\L^ + \\dX,^o^^^,V^)\\L^ (by Lemma ^ & Inequality (|3 



\L2 + \\dX,<s>o^^i''Pi)\\L^ (by Lemma |i 



Therefore, the first assertion in Lemma p. 16 follows from the preceding inequality and the 
eigenvalue estimates ( 8.3?| ). 

For 1 < p < m and 1 < i < 2Kp + 1 and noting that ippi is an eigenvector of DAp,gpD\^ 
so Theorem 1.2 in [18| applies, 

\\d^A,^{i'pi,^'pi)\\L'^(X) 

< \\dXp\\LAWpi\\L--{snppdxp) + II^Ap,gpV3pi|lL2(suppxp) (by Equation (|^)) 

< cA^/^||</9pi|U-(suppdxp) + (^y Lemma U) 

< CA^/^||(y9pi||i2(54) + \\D\^^g^ippi\\l^2l^si^, 

with the last inequality following from [|l^. Theorem 1.2], giving the estimate for ippi. There- 



fore, the final assertion in Lemma |8.1q follows from the preceding inequality and the eigen- 
value estimates ( 8.38 ). □ 



Remark 8.17. It is worth noting that if the Dirac operator Da^^qp were replaced by D^p.gQ, 
where we use go — the standard round metric on S'^ — rather than the approximately 
round metric gp induced from g near Xp G X, then our derivation of the estimate (8.35) 
would require a uniform Lf ^^(5*^) estimate for the negative eigenspinor ippi. However, as we 
discuss further in |18|, such an estimate appears impossible to obtain due to the unfavorable 
structure of the Bochner formula 



Lemma 8.18. Continue the above notation. Then there are positive constants C and Aq 
such that for all X G (0, Aq], the following holds: 

(8.39) 

CA^/^, if p = q = and I < i,j < n + I, 

CA^/3, ifp = qj^0andl<i,j<2Kp + l, 

ifpy^q- 



\{i^pi,^pi)A^qj,'P'qj))L^X) -^pq^ij\ < ' 



Proof Suppose p = q = and 1 < i, j < n + 1. Using iCoi,<^'oi) = XoiCi,<^i) = iS.i,<^i) + 
(Xo - l){^i,^Pi), 

((Coi, V'oi), {^Oj,^Oj))LHX) = ((6, 'Pi), {ij,P>j))mx) + 2((X0 - 1)(6, P>i), {^j,Vj))L\X) 

+ ((xo - l){^i,(pi),{X0 - '^){S.j,fj))LHX)- 
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But ((^i, ifi), (^j, ^j))L^(x) = ^ijj while the second two terms on the right above are bounded 
by 

|2((X0 - l)te,¥'i),(?j>'/'i))L2(X) + iiXO - l)(6,y'i),(X0 - Vi))L2(X)| 

< cx''/''mi,ipi)\\L^mj,^j)\\Loo < c\^i\ 

courtesy of the definition of xo (which imphes that Vol(supp(l — xo)) ^ cA^/^) and Lemma 
8.6 . This gives the conclusion when p = g = 0. 

The case p ^ q follows from the fact that the supports of Xp Xq si's disjoint when 

The assertion for p = q ^ and 1 < i,j < 2np + l follows by the much the same argument 
as for p = g = 0. Indeed, using (^^, ip'^-) = (0, Xp^^pi) = (0, tppi) + (0, (xp - '^)^pi), 

ii^'pi^'Ppi')' (^'pj' ^pj))L2{X) = ifpi, fpj)L2{S*) + 2((Xp - ^)'Ppi, Vpj)L^{S^) 

+ {{Xp - l)¥'pi, (Xp - l)'/'pj)L2(54)- 

But {ippi,ippj)i2(^g4-^ = 5ij, while the remaining two terms on the right above are bounded 
by (see Lemma |8.13| ) 

|2((Xp - '^)^pi,^pj)L^S*) + ((Xp - l)9'pi> (Xp - l)V'pj)L2(54)| 

< ^V'p^\\L2(S*-h{Bp))\\'fpj\\L■2{S'^-h{Bp)) 

< cA^/^||(/7pi||i2(54)||v7pj||i2(54) (by Lemma 

where Bp = B{jXp^^), noting that 1 — Xp is supported on — h{Bp) and we applied 
Lemma g.l3 with tq = LXp, for a constant L ^ 1, and r2 = \Xp^^ <^ 1, observing that 
\\FAp\\L\s^-h(BiLXp))) < e and \\FAjL\s^-hiBii))) < CKp, by hypothesis of Theorem U on 
{A, ^) and the definition of Ap on S'^. □ 

Proof of Proposition \8.1^ . Let {(^;', denote an ordering of the set of approximate 

eigenvectors {('^pj,V'pi) : < p < m, 1 < i < + 1}, where uq = n and Up = 2Kp when 
p > 1. Now ||(^;, (p'i)\\l'2(x) ^ 1 — CA^/^ by Lemma ^.181 and so the first and second assertions 
of Lemma [8.16 yield 

Mi:*(e^,¥';)llL2 <c(-iogA)-3/4(i-cA2/3)-i||(e;,v.;)ll^2 

(8.40) < Ci-logX)-^/%ei,^'i)\\L^, 1<1<N, 

\\dA%^'N+i\\L^ < {VK + C{-logX)-^/^) IIC+iIIl2, 

for small enough Aq and recalling that K = min{z^2[^0) ^o]; J^2[^i]! • • • , '^2[^m]}- 

Let Fl := [(^'^, c/?'^), . . . , (^j, if'^)] denote the span of the vectors {^[, . . . , (^[, ip'^) in 
L2(X, A+ (g) 5^;) © L2(X, y~) for / = 1, . . . , + m + 1. By applying Gram-Schmidt or- 
thonormalization to the basis {{£^[,ip'i), . . . ,{^i,ip'i)} for Fl, the estimates (|8.40| ) imply that 

, ,,,, ^/C(-logA)-W||(,,V<)||t., ifto,V')€F;, 

(8.41) < (^ + c(-logA)-/.) if 6 f;,. 
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Recall from the statement of Theorem ^]3| that <I>] < • • • < fiN^i[A, are the first 

+ 1 eigenvalues of d\ ^d]l\; let {rjhipi), for Z = 1, . . . , + 1, be the corresponding L^- 
orthonormal eigenvectors. Let F/ denote the span of the eigenvectors (7/1,-01), ■ ■ ■ , {flu'^i) 
in L^(X, A+ (8)gE) ©-L^(X, V~) and let be its L^-orthogonal complement in A+ (g) 

qe) © L'^{X, V-). Note that dim(F;^ n Fj^) > iV - /. Then, for Z = 1, . . . , iV, 

= , mf_, .,^,12 < , _inf 



<c{-\og\r'/\ 

where we use the estimates ( |8.41| ) to obtain the final inequality above. This gives the 
first inequality in the stated eigenvalue bounds ( ^.31| ). Therefore, d\^d}£i^ has at least N 
eigenvalues which are less than or equal to C(— log A)^^/^. Similarly, 

^lN+l[A,^= mf — —2 < mf — —2 

(r?,^)eF^ II Ilia {'y,^)eF^nFjV+i ll(r?,V')lli2 

< (Vi? + C(-logA)-3/4^^ < K + C(-logA)-3/4^ 



where the estimates (8.41) yield the penultimate inequality above. This completes the proof 



of the second inequality in the eigenvalue bounds ( ^.31 ). □ 



8.3. A map from the small-eigenvalue eigenspace to the direct sum of kernels. 

In this section we decompose the eigenspace spanned by the eigenvectors for the first 
eigenvalues of d\ and identify the decomposition with the kernels of the operators 

^Ao *o ^"^^ ^*Ap gp^ ^'^^ P ~ li • • • 5 "i- For this purpose, we define a block-diagonal, first-order, 
linear elliptic operator 

m 

(8-42) n,* = 4%o®©^A„,, 

p=i 

with domain and range, respectively, given by 

m 

{Ll_,{X, A+ 0^;,) © Ll_,{X, Vf)) © Ll_,{S\ V-), 

p=i 

m 

{Ll,^{X, A' © 0^;,) © Ll_,{X, V+)) © Ll_,{S\ y/). 

p=i 

We shall construct an approximately L^-orthonormal basis for Ker ^ by cutting-off the 
eigenvectors corresponding to the first N eigenvalues of d\^d]l*^, estimating the error 
between the cut-off eigenvectors and their L^-orthogonal projections onto Ker ^ and 
then applying Gram-Schmidt orthonormalization to obtain an L^-orthonormal basis. 

Let 11^0, $0 be the L^-orthogonal projection from L^(X, A+ © qei) © L'^{X,Vf) onto 
Kerd^* and let = 1 — H^o.^q be the L^-orthogonal projection from L^(X, A+ © 

qEi) ® L'^{X,Vf) onto (Ker d^* ^^)-'- = Rand^^^^. Recall that 11^^ is the L^-orthogonal 
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projection from L'^{S'^,V~) onto Ker and let n;^^ = 1 — IlAp be the L^-orthogonal 

projection from L'^{X,Vf) onto (Ker ^^)-'- = Kan DAp,gp- 

Then the L^-orthogonal projection from the domain of Ta,# onto KerT^ ^ is given by 

m 

(8.43) Ha,* = nAo,*o © ^Ap- 

p=i 

Recall from the proof of Proposition S.15| that V'O : 1 < ^ < -/V + 1} was defined to 
be the set of L-^-orthonormal eigenvectors associated with the eigenvalues fii [A, <&]<•••< 
fi]\f+i[A, of d\ ^djl*^. We then obtain a set of + 1 approximate eigenvectors for Ta,* 
by cutting off: 

(8.44) (tjIiI^'i) = ((xor//,XoV'0,(O,XiV'0,---,(O,Xm^/)), / = 1, . . . , + 1. 
Our main goal in this subsection is to prove: 



Proposition 8.19. Continue the hypotheses and notation of Theorem \8. 4 Then there are 
positive constants C and Aq such that for all X G (0, Aq], the set {^A,^{'n'iT ''P'i)}iLi ^ basis 
for Ker ^ and the following estimates hold: 

(1) ||ni,^(r,l,^'J||i2 <C(-logA)-3/4, l</<iV, 

(2) \{UAMv'i,'4''i),^AMv'k,^'k))L'^-hi\<C{-logX)-^/\ l<k,l<N, 

\\Uj^Mv'n+i,'4^n+i)\\l2 < C{-logXr^/\ 
\\nl^{r]'N+i,i^'N+i)\\L^>l-C{-logX)-^/\ 

The following estimates are the key to the proofs of Propositions g.l9| and g.25 . 



(3) 



Lemma 8.20. Continue the above notation. Then there are positive constants C and Aq 
such that for all X € (0, Aq], the following hold: 

(8.45) II<,$o(xo^?/,XoV'/)IIl4/3(x) < C(-logA)-3/4||(r,,,V.,)llL2(x), 1 < / < iV, 

(8.46) MAo,*o(^0??Ar+l,XoV'Af+l)llL2(x) < \\d]l*^{VN+l,llJN+l)\\L^snppxo) 

+ Ci-logXr^/^\\ir^N+i,i^N+i)\\LHx)- 



Proof. Observe that the definition ( ^.16 ) of d^*^^ and writing {A,^) = (^0)*^*o) + (^ 
Aq,^ — $o) on X \ X implies that, schematically, 

and so (schematically) for p = and 1 < / < we have 

, . dAl ,^^{xoVi,Xoi^i) = dxo 8> (f?/, ^z) + Xod]i*^{r]i,'4'i) 

-Xo{iA-Ao,<l>-^o),im,m- 



Observe that 



(8.48) ||d^*^(r?,, V0IIl4/3 < c\\d\\{r]i,^Pi)\\L2 = cVw[A ^]||(??z, V'/)!! 



L2- 
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Thus, by the upper bounds for the eigenvalues fJ.i[A, <I>] in ( 8.31D (see Proposition 8.15 ) and 
Lemmas |5.4] and the identity ( 8.47D , we have for 1 < / < A^, 

\\dA*o,'S>o(^orii,Xo^i)\\Li/3 < (||dxo||L2 + IIxo(^-^o,^-^o)||l2)II(^«>^«)IIl4(suppxo) 

+ \\d\%{m,i^i)\\ L4/3 (by Equation (p^) ) 

< C{\\dxo\y + \\xo{A - Ao,$ - 1>o)||l2 + Vw[A'3>])||(r/i,Vi)llL2 
(by Inequality ( ^.481) and Lemma 8.7 ) 

< C(||dxo||L2 + ||xo(^ -Ao,<^>- $o)||l2 + ^/^ll[A,<^])\\{7]l, 11^1)11^2 

<C{-logXr'/%m,mL^, 

where the final bound follows from our hypothesis (8.2) on {A — Aq, <I> — <I>o), Lemma 5.4, 
and the small-eigenvalue upper bounds ( |8.31| ). This gives the estimate 1^^). 
For the estimate ( |8.46| ), the identity ( p.47| ) gives 

1 1 ^Ao,*o iXoVN+1 , ) 1 1 L2 (X) 

L''(supp xo) 

i)IIl'*(supp xo) 

+ V'A'+i)IIl2(suppxo) 

<c(||dxo||L4 + ll(^-^o,^-^o)ll L'*(supp 

L2 (supp xo) O^y Lemma |8.7| ) 
< c((-log A)"^/"^ + A^/^)||(r?iv+i,V'Ar+i)||i2 + ||d^*$(r/Ar+l,V'7V+l)||L2(suppxo)' 

where the final inequality follows from our hypothesis ( p^ ) on IKA — — *^'o)||l4(suppxo)' 
and our estimates for dxo- This completes the proof of Lemma |8.20| . □ 

Lemma 8.21. Continue the above notation. Then there are positive constants C and Aq 
such that for all A G (0, Aq], the following hold: 

(8.49) Pa„,,pXpV'z|IlV3(54) < CX^/^'Wir^iMk^iS^). 1<1<N, 

(8.50) \\D\^^g^pXp'>pN+l\\L-^(Si) < V'Af+l)llL2(supp^p) 

+ CX^'^{m+u^N+i)\\L^ixy 



Proof. Denote (a^t/);) = d\*^{r]i,ilji), ioil<l<N + 1. We have {A,<^) = (Ap,0) + (0,$) 

on suppXp (E 5"^ \ {s} and so (schematically) the definition ( ^.161 ) of d^^ implies that for 
1<1<N + 1, 

and so, using 

DX,9piXp'^l) = dXp + XpDX^g^ipi, 
we see that (viewed equivalently either on X or S"^) for 1 < / < -|- 1, 
(8.51) D\^^g^{xpipi) = dxp V'i + Xp^i + Xp^ ® VI- 
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Thus, by the identity ( |8.5lD and Holder's inequahty, we get for 1 < / < A^, 

\\DX,gpiXpi^l)\\L^/3 

< Wdxph^W'^iWL^suppdxp) + WxpHLiWrnh^isuppxp) + IIxp0zIIl4/3 

< (IMXpIIl2 + WXpHl^Mvi, 4^1)11 L2{x) + \\dA%{m,i^i)\\Li/3 (by Lemma |!7| 

< C [\\dxp\\L2 + WXpHl^ + c(Voli3p)i/4yMA^) \\im,mLHx) 
(by Lemma 13 & Inequahty 

<CAV3(i + (_iogA)-3/4)||(r?i,V^0llL2, 



where the final inequality follows from the definition of Xp: our hypothesis ( ^.2\ ) on $|_Bp, 
and the upper bounds ( ^.31 ) for $]. This establishes the L'^/^ estimate ( 8.49 ) for 
1<1<N. 

We turn to the proof of the estimate (|8.5[l|) . This time, for Z = + 1, the identity ( 8.51 ) 
and Holder's inequality and the fact that (a;,0;) = d]^*^{rji , tf^i) gives 

\\D*Ap,9piXpi'l)\\L2 

< \\dXp\\L»/i\\i^i\\L»{suppdxp) + IIXp^llL4||r?,||i4(supp^p) + WxpMl^ 

< (IMXpIIl8/3 + \\Xp^L'i)\\{Vi,^i)\\L2{x) + \\dA%{rii,i^i)\\LHsnppxp) (^Y Lemma |87|) 
<c(a1/6 + a1/3) \\{vumL^ + \\d'A%ivi,mLHsuppxp)^ 



where the final inequality follows from the definition of Xp and our hypothesis (|8.2| ) on $|_Bp. 
This establishes the estimate ( ^.50 ) and completes the proof of Lemma |8.21| . □ 

Note again that the derivation of the estimates ( ^.49| ) and ( 8.50| ) would be difficult or 
impossible to obtain if the Dirac operator DAp,gp were replaced by DAp^go, using go — the 
standard round metric on — rather than the approximately round metric gp induced 
from g near Xp £ X (see Remark 8.17| ). 

We consider the problem of estimating the orthogonal projection errors: 

Lemma 8.22. Continue the above notation. Then there are positive constants C and Aq 
such that for all A G (0, Aq], the following holds: 

(8.52) mAo,^Mviii^i)\\LHx) < C{-logXr^/'\\{m,mL\x), 1<1<N. 

Proof. We need to estimate H;^^ $(,Xo(^i) V^i)) for 1 < / < A^, where (rjijipi) are orthonormal 
eigenvectors corresponding to the first + 1 eigenvalues of the Laplacian $<i^*$ and 
IIao,^o is L^-orthogonal projection from L^(X, A+ qei) © L'^{X-,yf) onto Kerd^*^^. 
Since Kerd^*^^ is a closed subspace and (Ker d^* ^^)-'- = Rand^^^^, there is a unique 
d\^^^{au(t)i) G Rand^i^ ^j^ C L'^{X, k+ ® qe^) ® L'^{X,V^) such that 

TT^ ... ,1 ... (xo(^f,V'0,4o,<i.o(Q^'^0)L2 ^i 
^Ao,^o^o{VhW = dAoM'^i^W = ^ (a;,0f)||^a dA,,<s,,{ai,(l)i)- 
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Hence, integrating by parts, we see that 

l|ni(„<foXo(??«,V'/)llL2 < (xo , V'f ) ) 1 1 L4/3 1 1 , J ^ ^ ^Jf ^ 



We may suppose without loss that G (Ker dj^^ ^^)-'- = Rand^*^^ and therefore we 

can take (o;, (pi) = d^* ^^{vi, si). Standard ehiptic estimates for the Laplacian <i>o^Ao #o 
then give 



\\{ai,(l)i)\\L4 <c\\{ai,(l)i)\\^ <C\\{vi,si)\\l2 (by Lemma |3) 

I.Aq 2,Ao 

<C7(l+^i[Ao,c^o]-')||4o,#o<%o(^''^')lli^ 
= C\\d\^^^^{ai,(j)i)\\L2. 

Hence, combining the preceding estimates, we see 

l|nio,$oXo(??/,V'0llL2 < c||d^*^$g(xo(r/hV'«))llL4/3. 

The preceding estimate, together with inequahty (^.45|), therefore yields estimate ( 8.52| ) for 



/ = 1, . . . , A^, and completes the proof of Lemma p.22| . □ 

Lemma 8.23. Continue the above notation. Then there are positive constants C and Aq 
such that for all A G (0, Aq], the following holds: 

(8.53) mXxpi^iWms^) < cx'/mm,mLHx), i<i<n. 

Proof. We need to estimate H'^^Xpi^u ^ov 1 < / < iV, where {rjijil^i) are orthonormal eigen- 
vectors corresponding to the first + 1 eigenvalues of the Laplacian d\ ^d]^\ and LI^p 
is L^-orthogonal projection from L'^{S'^,V~) onto KerD^^^^. Since KerD^^^^ is a closed 
subspace and (Ker L'^^^^^)-'- = Ran DAp,gp, there is a unique DAp,gp4'pi S Ran DAp,gp C 
p 



L'^{S^,V-) such that 



± , iXpi^l,DAp,gp(ppl)L^ , 

^ApXpi^l = DAp,gp(ppl = —rrj:. — p DAp,gp<l)pl. 

\\^Ap,gp(Ppl\\i,2 



Hence, integrating by parts, we see that 



\\^Ap,gp(ppl\\L^ 

On the other hand, we can bound ||(/'pi||_L4 via 

|l4 < c\\(t)pi\\L2 (by Lemma 



< C{\\DAp,gpM\L^ + UpiWl^) (by LemmaP 



< C{l+U2[Ap]-^)\\DAp,gpM\L^ < C\\DAp,gpCPpl\\L^, 
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the final inequality following from Lemma 8.12| (together with our hypothesis that IIl2(54) 
is small). Hence, combining the preceding estimates, we see 

The preceding estimate, together with inequality ( 8.49| ), yields estimate ( ^.53 ) for I = 
1, . . . ,N, and proves Lemma 8.23| . □ 

Proof of Assertion (1) in Proposition 8.1f\ . Combining Lemmas 3.22 and 3.23 proves the 



first assertion of Proposition 8.19 



□ 



We now turn to the remaining orthogonality assertions in Proposition 8.19 



Lemma 8.24. Continue the above notation. Then there are positive constants C and Aq 
such that for all A S (0, Aq], the following hold: 

(8.54) \{{iq[,'^[),{iq'^M)L2-5u\<C\^/\ l<k,l<N+l. 

Proof. From ( 3.44 ) we see that we can write 

i'n'h'^'i) = ((xo^^xoV'0>(o>xiV'/),-- - ,(o,xmV'0) 
= iivi,'^i)Bo,{m,'^i)Bi , • • • , im, 4^1)3^) 

+ ((1 - Xo){Vl,i^l)Bo,(.-Vl, (1 - Xl)i^l)Bi,-- ■ , {-Vl, (1 - Xm)^/)^™) • 

Here, we write X = C/q U Ll^^iBp (for simplicity — the constants defining Uq in j ^Hj ) differ 
only by universal factors), with C/q = suppxo stnd {rii,'4ji)Bp denotes the restriction of {7]i,tpi) 
from X to Bp. Remark that the cutoff functions Xp chosen so that dxp is supported on 
annuli of the form (c_A^/^, c+A^), where < p < 1/3 and the annulus surrounds a curvature 
bubble with scale AG (0, 1], in order to apply the local estimates for eigenspinors given in 
|l|l; there is no loss in taking p = 1/3 and fixed constants < c_ < c+ < 00. Hence, for 
l<k,l<N + l, 

m 

i{Vi,'tPi),{v'ki'4^'k))L2 = ((??/, V'/), (%, V'fc))L2(f/„) +^((r/i,^/'/),(??fc,?/^fc))L2(iJp) (Term 1) 

p=i 

+ 2{{r]i,'il^l),{l-Xo){Vk,tpk))L^Uo) (Term 2) 

m 

+ 2 J]] ((??;, V'Oi (-%>(! -Xp)V'fc))L2(Bp) (Term 3) 
p=i 

+ ((1 - Xo){m,i^i), (1 - Xo){m,'4^k))L^Uo) (Term 4) 

m 

+ ((-^^ (1 - Xp)^l), i-Vk, (1 - Xp)ipk))L2(^Bp) (Term 5). 
p=i 

Now, the first inner product (Term 1) is equal to 

m 

iivi, 4^1), im, A)) LHuo) + 'Y((vhi^i),{vk,i^k))L\Bp) = iivi,'4'i),{vk,i^k))L2(x) = hi- 

p=i 
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The second inner product (Term 2) is bounded by twice 

ll(^/,^i)llL4(l/o)ll(l - X0)(%,^fc)llL4/3([/(,) 



< 111 



Xo\\l'^{Uo)\ 



lk^^k)\\L^iJj^) 
|2 



< C'lll - Xo||L2(,7Q)||(%,V'fe)||i2(x) (by Lemmas and |y 

where the final inequality follows from the definition of xo- For 1 < p < m, the pth terms 
in the third inner product (Term 3) are bounded by twice 

{m,Vk)L^Bp) + ((1 - Xp)'0i, (1 - Xp)i^k)L^Bp) 

< ll^dlL4(X)ll%llL4(X) • (VolBp)^/^ 

' WVlW {Bp—supp Xp) \ Wk\ \ (Bp —supp Xp) 111 - Xph^Bp) 

< C ((Voli3p)i/2 + 111 _ XpWlHBp)) \\{v,n\LHx) (by Lemmas P and jp) 

the final inequality following from the definitions of Bp and Xp- ^.n upper bound for the 
small eigenvalues, required by the preceding applications of Lemma 8.7, is provided by 
Proposition ^.15 . The fourth and fifth inner products are also bounded by CX^^^. This 
completes the proof of Lemma 8.24. 

Proof of Assertion (2) in Proposition 8.1!\ . We have, for 1 < k,l < N, 

< \{UAMv'i,'^'i),TiAMv'k,^'k))L^ - {iv'i,'^'i),iv'k,'^'k))L2\ 

+ \{Wl,'^'l),iv'k,'^'k))L^-Skl\ 



□ 



< 



ni,^(r7;,^0,ni,^(r?'„O)^^ +CA2/3 (by Lemma |;23) 



< miM^[,'^'i)\\L4^iMvli^'k)\\L^ + cx'/' 

< C ((- log A)"^/2 _^ ;y2/3\ (|jy Assertion (1) of Proposition |l5|) 



and so 
(8.55) 



\{UAMri'i,^'i),'^AMvl^'k))L^-Ski\ < C(-logA) 



-3/2 



l<kj< N. 



Thus, for small enough A, the vectors {^A,^i'n'ij'^'i)}iLi ^orm an approximately L^-orthonormal 
basis for Ker ^ . This proves the second assertion of Proposition ^.19| . □ 

Proof of Assertion (3) in Proposition 8.1!] . Finally, we turn to the problem of estimating 
the orthogonal projections of {v'n+i^'^'n+i)- L^t {{^i, V^i)}iLi be an ordered, L^-orthonormal 
basis for Ker ^ obtained by applying Gram-Schmidt orthonormalization to the basis 

{UAMv'i,'^'i)}i ' 



N 



l-l 



k=l 
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with 

\m,^i)\\L'^ " " 

By the inner-product estimates in Lemma |8.24 and the orthogonal-complement estimates 
of Assertion (1) in Proposition g.l9| we have, for 1 < k < N , 

I ((ViV+l, -^iV+l)' nA,* (Vfc, ^fe))L2 I 

(8.57) = \{{v'N+l,^'N+l),{v'k,^'k))L'^ - ((VAr+l,V''Ar+l)'ni,*(^7'fc,^'fc))L2| 

< + C(l + Al/3)(_ log ^)-3/4 < ^)-3/4_ 

Consequently, by the Gram-Schmidt equations ( |8.56| ) together with the inner-product esti- 
mates ( ^.57 ), and the fact that 

N 

nA,*(r7'iv+i,^'iv+i) = Yl ((^'iv+i''^w+i)'(^fc'</'fe))L2 • (^fe'Vfc)> 

k=l 

we have 

l|nA,*(V^+i,^Wi)llL2 < c(-iogA)-3/4, 
l|ni,*(V^+i,^Wi)llL2 >i-c(-iogA)-3/^ 

This proves the third and final assertion of Proposition |8.19| . □ 

8.4. A lower bound for the first non-small eigenvalue. Lastly, we compute a lower 
bound for the {N + l)-st eigenvalue of d\^dll\. Recall that (t/at+i, i/jat+i) is the L^-unit 
eigenvector associated to the {N + l)-st eigenvalue ^Ar+i[A, <1>] of d\^d]l*^. 

The quantity 2^2(^0 j ^0] is the least positive eigenvalue of the Laplacian d\^ ^o^lC *o 
X, whereas z^2[^p] is the least positive eigenvalue of DAp,gj,D\^ over 5^. Hence, the least 
positive eigenvalue of Tj^^^T^ ^ is given by 

K = min{z^2[vlo,^o],i^2[vli],. . . ,^^2[^m]}■ 
We have: 

Proposition 8.25. Continue the above notation. Then there are positive constants C and 
Ao such that for all A G (0, Aq], the following holds: 

^,N+l[AM> K - c{-\ogX)-^'\ 

Proof of Theorem 8.S, given Proposition ^.2^ Combine Propositions ^.15 and 8.25. □ 
Proof of Proposition \8.2d[ . Recall that 

{'H'n+I^'^'n+i) = ((XoW+l,XoV'Af+l),Xl'07V+l, • • ■,Xmi^N+l) ■ 

Hence, 

III* 
^A,$(^7V+i>'07V+i) = t^Ao,$o(^o'^^+i'^o^^+i) ®p®^^X.^?P^P^^+l• 
Therefore, because 

\\d^A^{riN+l,^N+l)\\L^ = ^/ ^XN+l[A,^ ■ \\{r]N+l,'4'N+l)\\L^ , 



76 PAUL M. N. FEEHAN AND THOMAS G. LENESS 

and \\{r]N+i,i>N+i)\\L^ = 1, we get 



= \\dX,'S>o^X0VN+l,X0i^N+l)\\l2 +"^110^^ g^Xpi^N +l\\l2 

p=l 

m 

< E NA:$(w+i,^^+i)lli2(3,pp^^) + C{{- log A)-3/2 + aV3) 

p=0 

+ c(-iogA)-3/4||d^;^(w+i,V'7v+i)iii.(,,pp^„) 

m 

where the last inequality follows from the estimates ( 8.46| ) and ( |8.50| ). Therefore, 

< (1 + C(- log A)-3/4)||ci^;^(r?jv+i, V'JV+i)|li2(;,) + C(- log A)-3/2 
= fiN+i [A, m + Ci- log A)-3/4) + C(- log A)-3/2. 
Hence, using the upper bound (|8.31|) for ^]y^i[A, we obtain 

ri,*(Viv+i,V'Wi)llL^ < (V/^Jv+i[A$] + C(-logA)-3/4) . 
In the other direction, we have the eigenvalue estimate 

for all {r],rp) G (KerT^ ^)-'" and so by the orthogonal projection estimates ( ^.58 ), 

\\TI,^{v'n+i,'^'n+i)\\l^ > l|ni,#(r7'^+i,VWi)llL2 

> \/K(l-C7(-logA)-3/4)_ 

Combining these upper and lower bounds for ^^^n+\^'^'n+\) yields 
(l - C(- log A)-3/4^ < + C(- log A)-3/^ 

and this gives the lower bound on [ij<j^\\A^ <I>] for small enough Aq and all A G (0, Aq]. □ 

8.5. A map from the direct sum of kernels to the small-eigenvalue eigenspace. 

Though not necessary for the proof of Theorem 8.3 (whose main conclusion is the lower- 
bound on the first non-small eigenvalue), it is still convenient at this point to define a map 
from the direct sum of the kernels of the operators d^* and for p = 1, . . . , m 

(as given by the kernel of the diagonal operator Ta.,$), to the small-eigenvalue eigenspace 
of the operator d^*^. This map will be important in ||2^, where we prove the injectivity 
and surjectivity of the gluing maps to the extended PU(2)-monopole moduli space. It is 
essentially an inverse, modulo a small error, to the map — implicit in in the conclusion of 
Proposition ^.19 — from the small-eigenvalue eigenspace of the operator d^*^ to the direct 
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sum of the kernels of the operators d^* and (again as given by the kernel of the 

diagonal operator Ta,*). 

Most of the work has already been carried out in §8.2, where we used cut-and-paste 
techniques to construct a set {{dT^i)}iLi of approximate eigenvectors for the operator 
which were approximately L^-orthonormal. It suffices here to estimate the error 
between these approximate eigenvectors and their L^-orthogonal projections onto the small- 
eigenvalue eigenspace IianIlA,^,fi of and then estimate their inner products. 

Proposition 8.26. Continue the above notation. Then there are positive constants C and 
Aq such that for all A G (0, Aq], the following holds: 

(8.59) mUjei,v'i)\\LHx) < C(-logA)-3/4, 1 < ; < AT, 

(8.60) \{nA,^ACl^'k),'^A,'^AC,^'i))LHx) - hi\ < C(-logA)^3/2^ l<k,l< N. 

Proof. We need to estimate 11^ ^ ^(^j', (/?j), for 1 < / < A^, where (C'l^^'i) are the or- 
dered, approximately L^-orthonormal, approximate eigenvectors corresponding to the first 
N eigenvalues of the Laplacian d\ (see their construction in § p.2[ ) and IlA,^,fj. is L^- 

orthogonal projection from L'^{X, A~^(^qe)(BL'^{X, V~) onto the small-eigenvalue eigenspace 
of d\^d]l*^. 

Since Ker d^*^ is a closed subspace (contained in Ran 11^,$,/^) and (Ker d]l*^)-^ = Ran d\^, 
there is a unique 

d\^{ai,(f)i) G Rann;^ ,j,_^ C Rand\ ,j, C L'^{X, qe) ® L'^{X,V~) 

such that 

^A,^A^l^W = «A,cI.(«i>'Pi) = Oi 7 -TTT2 dA,>S>W^^l)- 

\\dA,.S>i'^hM\l2 

Hence, integrating by parts, we see that 

IITT-L W 'Ml ^ 11^1-* W 'Ml 'A0IIl2 

WdAM^hWh^ 

We may suppose without loss that 

{ai,(l)i) G {Keicd\ ,^oni ,^^^)^ = Rann;4 o 

and therefore 

\\{ai,^l)\\L2 < ^^-'/^dX^{al,ct>l)h2. 
Hence, combining the preceding estimates, we see 

This estimate, together with inequalities ( 8.34| ) (for p = and 1 < i < n) and (|8.35| ) (for 
1 < p < m and 1 < i < 2Kp, recalling that N = n + 2 X^^x '^p)' therefore yields estimate 
^) for / = 1,...,A^. 



The inner-product estimates ( |8.60| ) now follow from our inner-product estimates 
(|8.39| ) for {{^'i^,'p'f,),{^'i,^'i))L2{x) a.nd from the orthogonal-projection estimates (|8.59| ), 
using Ua,^A^'i, if'i) = {^i, V'l) - ^X^,^{i[. V'l)- □ 
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9. Existence of solutions to the extended PU(2)-monopole equations 
In this section we come to the heart of the matter, namely the completion of the proof of 



Theorem |1 . 1| . While our proof builds on the results of the preceding sections — by way of 
our estimates in §|5| for approximate solutions and our eigenvalue estimates in §P — there 
remains the substantial task of producing a suitable estimate for a right inverse Pa,^,ij. of 



the linearization, d\^^ of the PU(2) monopole equations (2.1). This estimate, given in 



Corollary 9.2, is the principal technical result of our paper and its proof draws heavily on 
the global estimates of §P, as well as the decay estimates for harmonic spinors discussed 
in ||l^ and some delicate applications in Rather than attempting to solve the PU(2) 



monopole equations (2.1) directly, for which there are obstructions due to the presence 



of small eigenvalues — as discussed in §|8| — we instead pursue a strategy pioneered by 
Taubes in |^0[ and solve a weaker version of these equations, the extended PU(2) monopole 
equations (see ( |9.8D ). We set up these extended equations in § |9.1| . Unlike in |Q, we shall 
not attempt to also solve the obstruction equation for PU(2) monopoles, ( |9.8D , as this will 
not be necessary for our topological applications |^7| , though this problem is nonetheless an 
interesting one in its own right [^]. Once a suitable estimate for Pa.^,^ is in place, which 



is the task of §9.4, the solution to the extended PU(2) monopole equations then follows 
in a standard way by a fixed-point argument, as we see in § |9.5|. Finally, we assemble the 
preceding ingredients in § |9.6| and finish the proof of Theorem |l.l| . 

9.1. The extended PU(2) monopole equations. Given an L| approximate PU(2) 
monopole (^, <I>), our goal in this section is to solve the quasi-linear system 



{F+{A + a))o - Tp-^{{^ + (/))«)($ + : 



(9.1) 6(.4 + a.* + ,)= - ■ ^IJi;^;— ■ ™j =0. 
for a deformation 

(a,(/<) eL2(Ai®0^)eL2(y+) 

such that (^+a, ^+4>) is a PU(2) monopole. The strategy, adapted from |12, §7.2], and 
|l62| , §5], is to first compute an a priori ^ estimate for a solution (a, <p) to the linearization 
of (|9.l| ) and prove existence of an Lf solution (a, 4>) to the full non-linear equation via a 
Banach-space fixed-point lemma. In order for this estimate to be useful we need to know 
the precise dependence of the constant on the pair {A, $). We then use a separate regularity 
argument to show that the solution (a, (/>) is L|. From |2^, Equation (3.2)], we recall that 
equation ( |9.lD can be rewritten as a first-order, quasi-linear, partial differential equation 

(9.2) d\^{a, (/>) + {(a, c/)), (a, 0)} = -&{A, $), 



where the linearization 

= (L>6)a,$ 
is given by [^, Equation (2.36)] 

(9-3) dA,^[a,cp)-\ DA^ + p{a)^ 



© ^ © 
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and the quadratic term {(a, 0), (a, 0)} is defined by the bihnear form 

We shall see in ||2^, using an argument similar to that of that the composition of 
the linearization of the splicing map with L^-orthogonal projection induces an isomorphism 
from tangent spaces to the bundle of gluing data onto the kernel of d^*^ + d\^, where ^ 
is the linearization |]29| , Proposition 2.1 Sz Equation (2.38)] of the gauge group action at a 
pair (A, $). Thus, it is natural to seek a deformation {a,cl)) which is L^-orthogonal to the 
kernel of d\ ^ or, equivalently, a deformation (a, (/>) lying the image of d]l\, so 

(9.5) {a,ct>)=d]l%{v,i^), for (7;,V) G4+i(A+gD0ij)©Li+i(y-), 

where the first-order operator d^*^ is given by equation (|8.16|) . Substituting (^) into (|9.2D 
yields a second-order, quasi-linear, elliptic partial differential equation 

(9.6) d\^dX^{v,i;)+{d]i%{v,i;),d\%{v,i^)} = -&{A,<^). 

Equation ( |9.6|) also serves as a gauge-fixing condition for a solution (a, (p) to equation ( p.2[ ) 



since 

dA% ° d]l%iv, V') = (4,* ° dX^Yiv, V) = (6(A, CD). )* (^;, ^j), 

and thus, for example, d^*^{a,(l)) = if (A,^) is a PU(2) monopole (see the remarks 
following equation (2.36) in p9|). 

The Laplacian d^^d^*,^, as we have seen in §^, will in general have small eigenvalues 
and so — even if the Laplacian has no kernel — it will not be uniformly invertible, in the 
sense that the small eigenvalues tend to zero when we try to make &{A,^) small enough 
to solve the non-linear equation ( |9.6D by allowing [A, $] to move closer to an ideal pair 
[y4o)^0)X] G C{te) X Sym^. In a gauge-theory context, such small-eigenvalue problems were 
first addressed by Taubes in [^0|, |62| in the case of the anti-self-dual equation. Thus, in 
place of the PU(2) monopole equation 

(9.7) 6((A<J>) + (a,(/>)) =0 

for a solution (a, 0) = d](^^{v, -0), we follow [Q, [^] and consider the pair of equations 

(9.8) uX^,^,&{{A,<^) + {a,ct)))=0, 

(9.9) UA,^,^,6{{A,^) + {a,^)) =0, 

for a solution (a, (/)) = d^*^(f , ■0), with 

{v, V-) G i>^+i(A+ ® be) © Ll^iiV-) 

satisfying the constraint 

(9.10) UA,>^Av,i^) =0. 



Equation (19. 8| ) is called the extended PU(2) monopole equation. Here, n^_$^^ is the L - 
orthogonal projection from L^(A+ © qe) © -^^(^ ) onto the finite-dimensional subspace 
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spanned by the eigenvectors of d\^d]l*^ with eigenvalues in [0,/i], where is a positive 
constant (an upper bound for the small eigenvalues), and ^ ^ := id — IlA,^,fj.- 



Because of the small-eigenvalue problem, we shall only explicitly solve equation ( |9.8| ); the 
true solutions to equation ( |9.7D are then simply the solutions to equation ( |9.8| ) which also 
satisfy equation ( |9.9D . 

Equation (|9.8|) may be rewritten as 



(9.11) uX^,f, (^dX^d]i%iv,i;)+{d]i%iv,i;),d]l%{v,^P)}) = -Ui^^^&{A,'^), 

where again {v,Tp) obeys the constraint (|9.1C| ). For the purposes of the regularity theory of 
it is useful to rewrite equation (|9.11| ) as 

(9.12) dJi^$(i^*j,(t;,V') + {d)^i^{v,ilj),d^/f^{v,i})} 



= ^A,^,^. [{dAd^^ ^),dX^{v, ^)}) - n;^,$,^e(A, CD). 

In view of equation ( |9.12 ), it will be useful to consider estimates for solutions to the following 
second-order, quasi-linear elliptic equation, 

(9.13) d\^d]l*^{v,i)) + {d]l*^{v,4)),d]l%{v,4))} = {w,s). 

Of course, equation ( 9.13| ) reduces to ( |9.12[ ) when {w, s) S r(A"'" (gi g^;) © T{V~) is given by 
the right-hand side of equation ( p. 121 ). 

Equation (|9.9|) is called the PU(2) monopole obstruction equation and takes the form 



(9.14) n^,.!.,^ {{dA%{v,i^),d]i%{v,^P)} - 6(A^)) = 0, 

as we can easily see. 

On the other hand, for the purposes of applying Banach-space fixed-point theory to solve 
the non-linear equation ( |9.1l| ), it is convenient to write 

{v, V) = Ga,^A^^ "P) for some (^, ip) G LLi(A+ © 9e) 4_i(y"), 

where 

is the Green's operator for the Laplacian 

4+i(A+©0ij) L2_i(A+©gs) 



Thus, d\^^d]l*^GA,'i-,fj. = ^A,^,tJ- ^"^^ nA,$,^(v,-0) = ^A,-s>,tJ.GA,'i-,fj.{£,,^) = for any (^,^3) G 
L^_-i^(A+ © qe) © L1_-^{V^), so the constraint (|9.1[l| ) is obeyed. Therefore, setting 

-PA,$,/i = d^^^GA,^,^!, 

it suffices to solve for 

(e,v^)GLLi(A+©0ij)©Lt,(y-), 
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such that 

(9.15) (e, ^) + {PA,^Ai, ip),PA,^A^, ^)} = -e{A, CD), 

because, noting t hat H ;^ if) = n;^,$_^c^X$-PA,$,/i(C, the resulting {v, ip) = GA,<s>,f,{C, ^) 

solves equation ( |9.1lD , namely 

ni,<i.,^ ((e, ^) + {Pa,>^>A^, v), Pa,^A^, ^)} + &{A, $)) = 0, 

as one can see by just applying P^^ ^ to equation ( |9.15D , as well as the constraint IIa,^,ii{v, ip) = 

^A,^s>,^iGA,<s>,fli^,,'f) = 0. 

Noting that Ii^A,^,fiPA,^,fi{^,^) = 0, the solution </?) to ( 9.15| ) solves equation ( |9.9| ) or 
equivalently equation ( 9.14D , which now takes the shape 

nA,*,M i{PA,-i>At v^),Pa,^A^, ^)} + e(A, $)) = o, 

if and only if 

(9.16) UA,^Atip) = 0. 

For applications of Banach-space fixed-point theory, the integral form ( 9.15| ) of the extended 
anti-self-dual equation is a little more convenient, while for the purposes of regularity theory 
and localization, we use the "differential" form (|9l^ ). 

Remark 9.1. If (a,0) is a solution to the extended PU(2)-monopole equations ( |9.8| ) for 
the small-eigenvalue cutoff parameter /x, then it is also a solution to the (weaker) equations 
defined by a parameter /i' > ^. Indeed, if 

then we also have 

o = ni^^_^,ni^$,^6((A^) + («,</>)) 

= ni .j,_^,(l - Ua,^A&{{A, CD) + (a, 0)) 

= ni,^_^,6((A^) + (a,c/>)), 

where the final equality follows because Rann^^<j,_^ C Ran 11^ $^^/. This point will be 
important in p7[|. 



9.2. Comments on intrinsic, extended PU(2) monopole equations. One difficulty 
with using the extended PU(2) monopole equations, as we shall explain further in [^], is 
that the equations (|9.8D and ( |9.9D are not intrinsic to the configuration space C{t), unlike 
their counterpart (|9.1|) in the unobstructed case. Hence, solutions {A + a,^ + cf)) to ( p.8D 
corresponding to bundles of gluing data defined by the different strata S of the symmetric 
product Sym^(X) will not fit together (even aside from the jumping- line or spectral fiow 
problem) to form a smooth submanifold of C*'^{i). 

To circumvent this problem we could try to use a different version of equations ( p.8D 
and (|9.9|) , where the spectral projections are replaced by ones which are intrinsic to the 
configuration space C(t) rather than a bundle of gluing data defined by a single stratum 
S C Sym^(X). Indeed, to describe solutions to the SU(2) anti-self-dual equation near the 
product connection, an "intrinsic, extended anti-self-dual equation" was introduced in |11| 
and it is asserted (without proof) in |34] that Taubes' approach to gluing for his version of 
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the (non-intrinsic) extended anti-self-dual equation can be adapted to the intrinsic, extended 
equation. Thus inspired by [11| and [34|, we could consider the pair of equations 

(9.17) UX^,^&{A,^)=0, 

(9.18) Ua,^,i,6{A,^) =0. 



Equation ( 9.17] ) is called the intrinsic, extended PU(2) monopole equation. Here, 11^^$^^ 



is the L^-orthogonal projection from L^(A+ Qe) (B L'^{V ) onto the finite-dimensional 
subspace spanned by the eigenvectors of d\^d]l*^ with eigenvalues in [0,/x], where is a 
positive constant (an upper bound for the small eigenvalues), and n;^ ^ ^ := id — II^^^^^j. 



An unsatisfactory feature of equation (|9.17D is that the projections Ha,^,/! = IlA'+a,^'+(j),fi 



depend on the deformation sought from the initial approximate solution, (A',^'), and this 
complicates the analysis considerably in comparison with the simpler equation ( |9.§| ), where 
the projection 11^/ depends only on the data, {A' , <!>'), and not the deformation sought, 
(a, 1?^). While it may be possible to work around this problem for the anti-self-dual equation, 
it appears difficult for PU(2) monopoles. For example, if we tried to use the right-inverse 
PA,^,^i for d\ ^ then we would encounter a fairly serious problem in adapting the proof of 
Theorem (and Corollary |9.3D — where we currently derive an estimate for PA',^',fi — 
as we assumed that $' = where the connection A' bubbles: this assumption is used in a 
crucial way in equation ( |9.24 ). On the other hand, if we use the right-inverse PA',^',f_i for 



d\, ^1 then we would have to compare the projections H^,*,^ and JlA',^',fj.- Because of the 
nature of the Bochner formulas involved, namely (|6.2D and ( |6.3D , the two projections appear 
surprisingly difficult to compare when (^4, $) = {A' + a,^' + cp) and we know at most that 
II (a, (j))\\i2 ^ is small. 

The strategy we use instead in [^] is to construct a space of global gluing data, GliU^^i, Aq) 
over U^^^ X Sym^(X), a global splicing map 7^, and then deform 7^ to a global gluing map 
7^ using the results of the present article. 

9.3. Comments on the gluing methods of Taubes, Donaldson, and Mrowka. It is 



convenient at this point to indicate why the method employed by Taubes in [^], |6^, |62| 
for solving the anti-self-dual equation, 

d\a + (a Aa)+ = -F^, 

does not apply to the PU(2) monopole equation with merely routine modifications. His 
method requires the Bochner- Weitzenbock formula ( |6.2| ) for the Laplacian dj^d^'* in order 
to obtain the necessary a priori L\ ^ estimate for a. However, as we can see from the 
Bochner formulas in §|6|, the corresponding Laplacian in the case of the PU(2) monopole 
equation is given by 

1 1,* _(d\dY V 

'^^'^^^'^-V DAD\) + [rl^ r% 

where the remainder term Ka,^ = (^a$) ^ first-order linear differential operator, with 
coefficients containing up through first-order derivatives of A and and is diagonal only 
if $ = 0. 
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Thus, while the term in the Bochner formula for d'j^d^'* will be bounded in L°° if g 
is conformally flat near the gluing sites and, more generally, L^^'^-small as desired (for small 
enough scales), the term in the formula for DaD"^ will only be bounded in L"'^ if {A, $) 
is an approximate PU(2) monopole obtained by the splicing construction. In particular, the 
term F^ is not L^^'^-small near the gluing sites and so the rearrangement arguments used 
to obtain uniform, global elliptic estimates for d~j^d~^'* in [|62| , §5] or |16, §5] no longer work. 



On the other hand, the method for solving the anti-self-dual equation employed by Don- 



aldson in 1 12] — which avoids the use of Bochner- Weitzenbock formulas by exploiting 
the conformal invariance of the anti-self-dual equation — does not apply without significant 
modification to the PU(2) monopole equation since the latter is not conformally invariant 



|29|. Much the same problem would arise if we sought to replace the small annuli surround- 



ing points of curvature concentration with long cylinders — by analogy with the method 
described by Mrowka in ||5l|. Of course, we could (with either conformal model) transform 
the equations on {X, g) to an equivalent set of equations, where the metrics now vary with 
the tube lengths Tj or neck radii parameters Aj. While such a strategy might circumvent 
some of the analytical difficulties associated with the unwanted appearance of F^ in the 
Bochner formulas, it would lead to models for moduli space ends where the metric varies 
(albeit conformally) with the location of the gluing centers x G Sym^(X). As will be clearer 



from our discussion of the requisite intersection theory in [27|, such behavior seems undesir- 
able because it makes it more difficult to patch together the local gluing models (for moduli 
space ends) and thus form a global model for the end of the moduli space M(t) near a level 
M'^"(s) X Sym^(X). 

9.4. Global estimates: linear theory. Our next task is to parlay the global elliptic 
estimates for dj^ and Da in the preceding section into global elliptic estimates for d\ ^ and 
its partial right inverse -Pa,*,^*- The following elliptic estimates, coupled with our bounds 



on the small eigenvalues, form the technical heart of our main gluing result. Theorem 1.1 
We begin with an ^ elliptic estimate for d^J^^{v,ilj): 

Theorem 9.2. Let X he a closed, oriented, smooth four-manifold with Riemannian metric 
g. Given the data of the splicing construction in §|^ there are constants 

(9.19) c = c{Ui^^,K,\\FA^\L^^\FA^\L^^\^L^,^l) < oo, 

and Aq = Ao(C) > such that the following holds. Let (A,^) be an L\ pair on (flSi^^) 
produced by the splicing construction of §|^. Then for all {v, tp) £ L'^{A~^ qe) © -^3(^~)j 

(9.20) \\dA%{v,ip)\\L2^^(^x) < C{\\d\^^d]{*^{v,tlj)\\L»,2;2(^x) + ^)IIl2(x))- 

Proof. Let U' C X he the open subset where |$| > 0, so U' = supp$. Denote {a,(p) = 
dll*^{v , t/j) . Since a = d'^'*v + (•<I>)*'0 and, schematically, 

Va((-$)» = Va^ ^ + $ © VaV', 

then Holder's inequality yields 

||a||^2^^ < Wd^vhl^ + ||Va((-c^)»||^2 + II^IIl-IIV'IIl^cc/') 



< + WVa^lAU'Wl^u') + II^IIl-||VaV'IIl2({/') + IMl^UWl^u')- 
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Thus, by Lemma S.l 



(9.21) hW^i^^ < \\dYv\\Ll^+c\mL^r^LfjmLl^iU'y 

Using integration by parts, we see that 

< Wd+dYvWML^ < li\Kd^'*v\\l, + \\v\\l,), 



(9.22) WdYvh^ = ^{\\d\d+'*v\\L2 + \\v\\l2] 



and so 

1 

Corollary O gives the following ^ estimate for d^'*v: 

< c{\\d\d^^'*v\y,2 + \\v\ 

Recall that 

(9.23) d\d^'*v = d\a-d\{-<^yip, 
where, schematically, 

4((-$)» = Va^ V + ^ ® Va^. 

This gives, for any 2 < q < oo, using the embeddings Lf C L^^'^ and L'^ C of Lemma 
4.1], 

(9.24) < c\\VaHlI^ M\lI^{U') + cII^'IIl- ||Va^||l,(c;') 

<c\mconLlJi'\\LlJU')- 

Substituting the estimate (|9.24| ) into the inequality (|9.22| ), via the expression ( 9.23 ) for 
d\d^'*v, then yields 

WdYvhl^ < C{\\d+ah,a + + II^IIl^) 

(9.25) '"^ 



Therefore, inequalities ( |9.21| ) and ( |9.25| ) imply that 

(9.26) \\a\\L2^^ < C{\\d\ah»,2 + Mhl^^u') + \Ml^)- 

To estimate the L"'^ norm of d\a in the right-hand side of inequality ( p. 26 ), note that from 
the definition (^) of d\ ^ we have 



d 



1 fa\ ^ (d+a-{^^(l)* + (1)0 ^*)oo 



and thus, 

(9.27) \Kahi,2 < WdX^ia, (/.)||i«,2;2 + c||$|U«. Uhi.^. 
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Choosing 4/3 <p<2 via \/p = 1/4 + \/q when 2 < g < 4, and noting that 

= ®v + D\'il) (schematically), 

we have (schematically) 

DaDaiIj = Va^ ®v + ^® Vav + DA(t>, 

and so 

\\DAD*A^\\Lj>m) < ||Va^||l4||v||l, + ||$||l-||Vav||lp + \\DA(t)\\LP 

fg 28) 

^ ■ ^ <c\mc^nLlJMLl^ + \\DA<P\\Lv. 

and thus, recalhng that U' obeys an interior cone condition with geometric cone independent 
of the (small) size of the ball radii and confining g to 2 < q < 4, 

Wnil^iU') < 4nLl^(^u') (by i Theorem V.5.4]) 

< C{\\DAD\nLHU) + \mL^{U)) (by Theorem ^ and ||]) 

< C{\\Da^lv + \\v\\lI^ + UWl^) (by (H)), 

and consequently 

(9.29) Mkl^iU') < CiWDA^LP + \\vhl^ + Uh^). 
Therefore, combining inequalities ( 9.261 ), ( |9.27| ), and ( p.29| ), we obtain 

(9.30) ||a||i2_^ < C{\\dX^{a, (/.)||i«,2;2 + \\cP\y.^ + \\DacP\\lp + \\v\\lI^ + Uh^), 
Lemma |6.8| and the expression for d\ ^(a, (p) gives 

MLl^<C{\\DAnL^ + ML^) 

< C{\\d\^{a,(j))\\L2 + \mL^\\a\\L2 + UWl^). 

Thus, 

(9.31) UUl^ < C{\\dX^{a,cP)U2 + ||(a,<A)|U2). 

Therefore, from the above ^ estimates for a in ( |930D and for <j) in ( p3l| ), we see that 

(9.32) ||(a,<A)|L? , < C(||4.(a,0)||iM;2 + ||(a, </>)||i2 + \\{v,i;)h2 + \\4>h»,2 + \\v\\l2 ). 



Now ||(/>||itt,2 < c||(/)||j;^2 ^ and so the term ||</>||itt,2 on the right-hand side of inequality (|9.32[ ) 

can be replaced by \\(I)\\l2 via the bound (|9.31 ). Similarly, ||f||/,2^ < (7(||(iJ^'*v||^2 + ||v||j;,2) 
by Lemma |6.4| and so the interpolation inequality, 

II^A < e\\d\d'X'*v\\L2 + e~^\\v\\L2, 

together with inequality ( |9.25| ) for ||c?Ji'*w||l2 ^ , inequality ( 9.27 ) for ||d^a||j;,ti,2, inequality 
( 9.2g| ) for IIV'IIlp ^((7') ; rearrangement for e small, and the preceding bound for ||(7i'||j;,ti,2. 
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allow US to replace ||f||2,2^ by \\v\\i^2 on the right-hand side of inequality ( 9.32| ). Hence, the 
estimate ( p.32| ) takes the form 

< C{\\d\^{a,4>)\\Li,2;2 + ||(a,, 



a. 



r2 



+ \\[V, 



Just as in equation ( p.22| ) we have 



\\{aA)\\L^<\{\\dUd'l^{v. 



L2 +||(^, 



2 

and combining the last two inequalities completes the proof. 



L2, 



□ 



Corollary 9.3. Continue the hypotheses and notation of Theorem 5.1. Then for all (^, ip) G 

L^^\K+®qe)®L^{V-), 

(9.33) \\Pa,^A^,^)\\lI^(x) < Cm,^)\\Li,2;2(^X), 

where C now also depends continuously on < /i < oo. 
Proof. We set (f,!/') = GA,^,fj.{i-:^)-, so that 

d\,<s>dA',^{v, Tp) = n]4_$^^(^, ip) and (a, 0) = d]{%{v, Tp) = Pa,<s>A^, 
For the ^ estimate, note that 

\\{a,mLl^ - C(NWa#(^'V')IIl«.2;2 + \\{vM\l^) (by Theorem 

< C{\\d\i^d^/^^{v,'4})\\Ll,2;2 + ^r^\\d\i^d)^^^{v,'4))\\L2) 

= cmx^^^{i,v)\\u,2;2 

< Cm,ip)hi2;2 + ||n^,.^,^(e, 0)11^4 + ||nA,$,^(0,(/.)||i2) (by H, Lemma 4.1]) 
<Cm, V') IIl«,2;2 + \\IIa,^AC, 0) + II (0, v^) ||l2 ) (by Lemma 0) 

< C||(e,(/^)||L«,2;2 (by Inequality dslp). 

This completes the proof. □ 

9.5. Existence of solutions to the extended PU(2) monopole equations. We now 

turn to the question of existence and uniqueness of solutions {v, ip) to equation (|9.8| ) or 
one of its equivalent forms, namely equations ( |9.1lD or ( |9.12 ). We first recall the following 
elementary fixed-point result |12, Lemma 7.2.23]. 



Lemma 9.4. Let g : OS ^ 55 be a continuous map on a Banach space 55 with q{fS) = and 

\\q{xi) - q{x2)\\ < (||xi|| + ||X2||) ||xi - X2II 

for some positive constant K and all xi,X2 m5S. Then for eachy in^ with \\y\\ < 1/{WK) 
there is a unique x in ^ such that \\x\\ < 1/{5K) and x + q{x) = y. 



With the aid of Lemma 9.4, we obtain existence and uniqueness for solutions to equation 

!)• 
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Theorem 9.5. Let {X,g) be a closed, oriented, C°° Riemannian four-manifold. There are 
constants C and s{C), with the dependence indicated in condition (9.19), such that the 
following holds. Let (vl, <&) be an L\ pair on {QE-,y^) produced by the splicing construction 
of §1^, with 

(9.34) e(A^)||LM(x) <£• 

Then there is a unique solution {v,xp) G Ci L'^iA'^ ^ Qe) ® L2{V^) to the extended F\J (2) - 
monopole equation ( |9.8D such that IlA,^,^iiv,ip) = and 

(9.35) \\d]i%iv,n\Ll^ix)<C\\e{A,^)\\ 

Moreover, if {A, $) is an L'j pair, for any I > 3, then the solution (v, -0) is contained in 
L^^,{A+0qe)®LI,{V-). 

Remark 9.6. The condition ( p.34| ) is met by choosing a small enough relatively open 
submanifold Ue^^ C C(t£) and small enough constant Ao(C) (Proposition ^ ). 



Proof. We try to solve equation ( 9.11 ) for solutions of the form {v, -0) = GA,^,fi{£,, <f), where 
(^,(/j) G LS'^(A+ qe) and Ga,^,)! is the Green's operator for the Laplacian d\^d^*^ on 
Ranll^^ ^ ^. Therefore, as explained in §9^, we seek solutions (^, if) to equation ( 9.15 ). We 
now apply Lemma to equation ( |9.15D , with 

<B = L»'2(A+0g^)©L2(y-), 

choosing y = —&{A,^) and 

q{{^,v)) = {dA%GA,<s>A^,^),d]l%GA,'S>A^^'P)}^ 
so our goal is to solve 

(e, if) + q{{^, if)) = -6{A, on L«'2(A+ ® qe) © L\V-). 
For any {Ci,(pi), (^2, V'2) G L^''^{A+ qe) © L'^iV'), the estimate in Theorem [9^ yields 

\\d]{%GA,'S>A^i^'Pi)\\Ll^ < C\\iCi,fi)\\Lt'2- 

Therefore, applying the preceding estimates. Holder's inequality. Lemma |6.1| , and the L"- 
family of embedding and multiplication results of ||l^. Lemmas 4.1 & 4.3], we obtain 

MiCu^l)) - q{i^2,^2mLi.^ < K2 (||(ei,c^l)||L«,2 + ||(e2,'^2)||L«,2) UCu^l) - (6,y'2)||L«.2, 

where K2 = CZ2 with c a universal constant and Z2 the constant of Theorem |9.2|. 

Thus, provided e < (10-fC2)~^, we have ||S(A, <I>)||^tt,2 < (10i^2)~^i and Lemma |9.^ implies 
that there is a unique solution (^, (p) G L^'^(A+ ©g_E) ©L^(y^) to equation ( 9.15| ) such that 
||(?,y')||Ltt,2 < (5^2)"^ The estimate for {C,^p), 

(9.36) m,^)\\Li^ <2||6(A$)||l«.2, 

follows from Theorem |9.2| and a standard rearrangement argument. To obtain the stated 
Lf ^ estimates for d]l\{v , ip) , observe that 

(9.37) d]l*^{v,ip) = d]{*^GA,'S>,fM{C,^) = PA,*,/i(C, v). 
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SO that the ^ bound is obtained from 

\\d'A%iv,mLl^ = \\Pa,'!>A^,^)\\lI^ < (by Coronary pt) 

< C\\e{A, <l>)\\Lt,2 (by estimate (HI)). 

The final regularity assertion follows from Proposition 4.16| , our regularity result for gluing 
solutions to the (extended) PU(2)-monopole equations. □ 

9.6. Completion of proof of main theorem. At this stage, we are ready to complete the 
proof of Theorem namely the existence of gluing and obstruction maps. The conclusion 
of our proof of Theorem 1.1 is an almost immediate consequence of Theorem 9.5. 



Completion of proof of Theorem \1.J\ . According to Theorem there are well-defined, Qe- 
equivariant maps and (p^ on the open subset of C(t), 

(9.38) C(t, n, e) := {{A, $) G C(t) : (|939|) holds}, 
where the pairs {A, <1>) are required to satisfy the open constraints 

Spec{d\^d]l*^) C [0, i^) U (^,oo), 

(9.39) ||e(A<J>)||LM;2(x) <e, 

II-P4,$,mIU < c < oo, 

where C = C{Ui ^, k, ^, g) is a uniform positive constant and || • \\a is the operator norm for 
Hom(Ltt'2;2(x),L2^(X)). 

On the open, ^£;-invariant subset C(t, ;U,e) C C(t), the maps 6^ and (^^ are given by 

5^:{A,^)^{A,^) + dXAv,tl;), 

: (A^) ^^A,#,;.e(d^(A<^>)), 

taking values in C(t) and L^(A+ ®Qe) ® -^^(^~)i respectively, where (t;, if)) E Ranll^ $ ^ is 
the unique solution to the extended PU(2) monopole equations ( 9.11|) produced by Theorem 
9.5 , given the approximate PU(2) monopole {A, $) in the image of 7^ y,- 

The ^£;-equivariant maps 5^ and descend to an S^-equivariant map and section, 

^,:C(t,/.,.)^C(t), 

where C(t, /X, e) = C{i, ^^e) /Qe and 53^ C(t, /i) is the continuous, finite-rank, pseudovector 
bundle 

QJ^ ■.= {{{A,^),{w,s)) : {A,^) €C{t,fi) and {w,s) G RannA,*,;.}/^^, 

where we recall that RannA,*,/^ C Lf,_^{X, A+ 5_b) © Lf,_^(y~). Here, the spaces C(t, ^) 
and C (t, /i) are defined by simply omitting the conditions in definition ( |9.38| ) involving e 
and the constant C. The map and section (p^ have the desired property that 

S^.{V>aHO)) C M(t), 
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and are smooth respect to the quotient topology upon restriction to C^{t): smoothness 
follows by the same argument as used in the proof of smoothness in the case of the Banach- 
space inverse function theorem where the existence of an inverse is established via a 
contraction- mapping argument, just as we employ here. 

The gluing map, gluing-data obstruction bundle, and gluing-data obstruction section are 
then defined by 

7^,E = '5^ ° 7;,s ■■ G1+(Z^£,/., S, Ao) ^ C(t), 
(9.41) x,,y: = ° 7^,s ■ Gl+(^^^,^, S, Aq) - E„ 

where the precompact subset Z//^^^ C C{ii) is chosen according to the hypotheses of Theorem 



1.1. The estimates in Proposition |5.5| for &{A,^), the eigenvalue estimates in Theorem 
8.3 for the Laplacian d\ $c?^*$, and the operator bounds for PA,^,fj. in Corollary 9^ ensure 
that pairs {A, in the image of 7^ ^ obey the open constraints ( p.39| ) for a suitable choice 
of positive constants e, and C. Hence, the image of 7'^^' '^hen 7'^ ^ is restricted to 
G\^{U^^^, S, Ao), is contained in C(t, //, e) for small enough Ao and si defining the relatively 
open, precompact submanifold Ui^^ C C(t£, □ 

The rank of 23^ varies over C(t, //,e), so that is why we only refer to it as being a 
'pseudovector bundle'. However, the construction of GY^ {Ui^^,Ti,\q) (via the choice of 
family U^^^ of background pairs {Aq,(^q)) in §|3| and Theorem |8.3| ensure that its image 
under 7^ j-, is contained in an open subset of C(t, //, e) over which 53^ has constant rank and 
is thus a vector bundle when restricted to this open subset. 
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